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Masquerade Attacks Against Security Software Exclusion Lists

Timothy McIntosh1, Julian Jang-Jaccard1, Paul Watters2, and Teo Susnjak1

1 Massey University, Auckland 0632 New Zealand
t.mcintosh@massey.ac.nz

2 La Trobe University, Bundoora VIC 3086, Australia

Abstract. Security software, commonly known as Antivirus, has evolved from simple virus scanners to become
multi-functional security suites. To combat ever-growing malware threats, modern security software utilizes
both static and dynamic analysis to assess malware threats, inevitably leading to occasional false positive
and false negative reports. To mitigate this, existing state-of-the-art security software offers the feature of
Exclusion Lists to allow users to exclude specified files and folders from being scanned or monitored. Through
rigorous evaluation, however, we found that some of such products stored their Exclusion Lists as unencrypted
cleartexts either in known or predictable locations. In this paper we empirically demonstrate how easy it is
to exploit the Exclusion Lists by launching masquerade attacks. We argue that the Exclusion Lists should be
better implemented such as using application whitelisting, the contents of the lists to be better safeguarded,
and only be readable by authorized entities within a strong access control scheme.

Keywords: Antivirus · Security Software · Exclusion List · Masquerade Attack.

1 Introduction

Malware has been a major threat to information security since its early inception. As one of the most damaging types
of malware, ransomware has recently drawn much attention due to the unprecedented infiltration with disastrous
consequences[12]. To combat the threat of malware, especially ransomware, computer users are often advised to
install powerful and sophisticated security software with anti-malware functionality, to perform regular backups, and
to take precautions when executing unknown programs. Security software is typically a suite of different packages
that can protect computer systems from malware, intrusions and other security exploits, to deliver a high level of
assurance [2]. As security software becomes more powerful and sophisticated, malware has to either evade detection,
or disrupt the functionality of security software in any successful malware campaign [8]. In 2007, approximately
10% of malware was found to be able to disrupt the functionality of security software[23]. However, since Windows
8.1 in 2013, Microsoft introduced the concept of Protected Anti-Malware Services, to protect user-mode services
of security software, making attacks by malware more difficult [10]. To evade detection, malware developers have
employed various approaches, including polymorphism, obfuscation and fileless scripting attacks [2, 8].

Security software employs a combination of static and dynamic analysis to analyze suspicious files, resulting
in occasional false positive or false negative reports [2]. To address the issue of false positives, almost all security
software products provide a set of Exclusion Lists to allow experienced users to manually mark suspicious programs
detected by security software as permitted or ignored. Sometimes the Exclusion List is also used to exclude folders like
System Volume Information to speed up the threat scanning process. The Exclusion List is a simpler implementation
of application whitelisting often with only specifications on file names and absolute file paths. It is typically achieved
by either asking the user to either permit the application during its runtime, or allowing users to later add selected
applications to the Exclusion List in software settings. The Exclusion Lists rely on users being competent to
implement such a list and, may be more appropriate in tightly controlled corporate environments where security
takes precedence over convenience and competent system administrators are available [5, 6].

Problem statement. We believe some popular security software products are vulnerable to masquerade attacks
by malware exploiting their Exclusion Lists. A masquerade attack occurs when an attacker (masquerader) steals the
identity of a legitimate user to gain access to whatever the victim has authorization [11]. We believe the Exclusion
Lists of some security software have not been implemented property to prevent unauthorized access. Our hypothesis
is that it is possible for unknown malware to exploit the Exclusion Lists of security software and masquerade as
excluded applications to launch destructive attacks, while being completely ignored by security software.

Summary of Original Contributions

– We found that 8 out of the 10 popular security software products we examined stored their Exclusion Lists as
unencrypted cleartext and their records could be programmatically obtained.
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– We performed proof-of-concept masquerade attacks on those 10 security software products by exploiting their
Exclusion Lists, and explained how the existing defense mechanisms of some security software products could
be bypassed.

– We disclosed this issue responsibly to affected security software vendors and obtained their responses.
– We proposed how the Exclusion Lists mechanism of security software could be better implemented to close this

apparent security loophole.

2 Related Work

Malware could actively engage with security software to probe its functionality or interrupt its security protection.
Studies have been conducted to demonstrate how to programmatically and systematically explore or exploit security
software engines. In [20], a testing framework was developed to automatically test and explore capabilities of 50
antivirus engines in a black-box approach. It was concluded that applying mutations to input malware samples
could trigger heuristic analysis and affect the detection outcome. In [6], a known malware binary was deployed
in combination with other evasive techniques to test the detection of numerous security software products. Some
malware samples were found to interfere or terminate the functionality of security software [8]. In [14], some security
software products were found to temporarily suspend real-time monitoring service during routine updates; some
malware could trigger security software updates and attack during the vulnerable update window when real-time
monitoring is temporarily suspended. In [13], the researchers attempted to exploit the self-protection of 12 security
software products, and found that many of them were subject to subversion by malware.

Some modern malware passively implements sophisticated code obfuscation techniques to evade detection [18].
Malware like Trojan.Spyeye is staged malware that uses a dropper to deliver the payloads in stages, to reduce the
exposure of malicious code, hide true functionality, and minimize the risk of being detected by security software [14].
Some malware utilizes extensive encryption and compression packers to obfuscate their malicious code, making it
difficult for security software to conduct syntactic or semantic analysis [15]. Some malware searches for unique system
traits or artifacts to speculate on the presence of security software, subsequently behaving in a benign manner or even
self-terminate to evade detection [4]. In [19], it was found that applying Return-Oriented Programming (ROP) could
achieve comprehensive polymorphism and evade detection of most AntiVirus software, by transforming malicious
code to its ROP equivalent. In [24], several evasion techniques were combined to enable some known malware to
become undetectable by most security software products. Dynamic analysis with machine learning could unveil real
malware activities, and how they interact with operating systems, but some malware has developed mechanisms to
obscure their behaviors either by making irrelevant API calls in between attacks, or by detecting the presence of
virtualized environments and remaining dormant [15].

3 Usage of Exclusion Lists

Many security vendors warn users that defining exclusions could lower the protection offered by security software,
and recommend it should be exercised with caution only by experienced users who are confident that excluded files
are not malicious. In this section, the usage of Exclusion Lists in private and corporate settings is explored.

3.1 In Private Settings

In private settings, individuals tend to use Exclusion Lists to bypass software restrictions imposed by security
software to execute certain applications, either intentionally or by deception.

To Execute Keygen and Other Applications Reported by Security Software Many security software
products report keygen and similar applications as malicious or potentially unsafe. For example, the “AMT Em-
ulator” is a universal Adobe� product patcher currently circulating on the Internet. The version 0.9.2 is reported
to be malicious by 39/71 scanning engines on VirusTotal in January 2019. Avast, AVG and Kaspersky reported
it as clean whereas Bitdefender, ESET, McAfee, Microsoft, Sophos and Symantec considered it potentially unsafe.
The “Office 2013 - 2019 C2R Install” is a hacking tool used to crack Microsoft Office products. It was reported
on VirusTotal to be unsafe by 39/71 scanning engines, including AVG, BitDefender, ESET, McAfee, Microsoft,
Sophos, Symantec and Trend Micro. Users who wish to crack their illegal copies of commercial software would have
to add those applications to the Exclusion List of their security software to enable execution.

2 ICONIP2019 Proceedings

Australian Journal of Intelligent Information Processing Systems Volume 16, No. 4



Masquerade Attacks Against Security Software Exclusion Lists 3

Due to Deception by Phishing and Other Malware Many phishing sites either distribute legitimate software
with malicious binaries, or fake software in the disguise of media players for pirated movies [25] or fake readers
for pirated eBooks [26]. They pretend to warm users that their software distribution is legitimate, and entice users
to ignore warnings from security software about the possible threat. For example, Format Factory is a free and
multi-functional multimedia file converter, but it contains the Adware DealPly in its installation package, which is
considered malicious by ESET Smart Security. Unsophisticated users, being enticed with free software or pirated
media content, can be tricked with social engineering techniques into temporarily disabling their security software
or excluding malware from scanning, and can become victims of malware attacks [26].

3.2 In Corporate Settings

In corporate settings, improving system stability or optimizing performance is of high significance [3]. Files excluded
are usually non-executable, temporary or usually of lower risk of malware infection [3, 7, 9].

To Improve System Stability This is a commonly cited purpose for which to implement such an Exclusion
List, especially in production environments [1, 9]. Many commercial software vendors have recommended Antivirus
exclusions to prevent their products from mistakenly being identified as malware (i.e. false positive) by security
software, which could interfere or interrupt with their normal functionalities. For example, CurrentWare�, a web-
filtering and employee monitoring software, recommends that its monitoring agent, client end and the helper program
be added to Antivirus Exclusion Lists [1]. Such commercial software products are often required to be running
constantly on servers to guarantee almost 24/7 availability. If they are marked as false positive and terminated by
security software after signature updates, it could lead to disastrous consequences in production environments.

To Optimize System Performance Another possible reason to implement Exclusion Lists in corporate settings
is the need to optimize system performance by excluding items that system administrators do not find necessary to
be scanned regularly by security software. This is because many clients expressed concerns of possible performance
degradation of time-critical systems due to the deployment of security software [5]. Microsoft recommends that
on host operating systems running Hyper-V virtual machines, it is best practice to exclude virtual hard-disk files
(VHD, VHDX etc.), virtual machine configuration directory, snapshot file directory, Vmms.exe (Virtual Machine
Management Service) and Vmwp.exe (Virtual Machine Worker Process). As many experienced system administra-
tors only run applications inside the virtualized guest OS, the attack surface of host OS being infected by malware
is further reduced. [9]. [7] recommended using exclusions on virtual machine files, subversion databases, photos,
music and Windows Update folders to resolve performance issues.

3.3 Risk of Implementing Exclusion Lists

Some defensive security researchers are concerned about the risk of implementing Exclusion Lists for security
software. [22] commented on the official exclusion list recommendations from Microsoft (the updated 2019 version
in [3]), and was concerned about the security risks brought by the recommendations. According to [17], because the
recommended Antivirus exclusion lists were widely available to the public, malware developers could use whitelisted
files to deliver Advanced Persistent Threat (APTs). This could target infection groups, by inserting their malware
into the file exclusion folders or to occasionally force the Antivirus configuration to exclude the specified malware
files. [17] recommended that organizations should implement multi-layered defense in depth and should not rely
solely on security software products; users should fully understand the risks and should avoid doing so unless there
is a critical reason.

4 Proof-of-Concept Masquerade Attack by Replacing Excluded Programs

In this section, a proof-of-concept masquerade attack is demonstrated by obtaining the Exclusion Lists of the
security software programatically by parsing the list and replacing program executables on the list.

4.1 Sample Selection

We carefully chose a selection of full-functionality retail security software for personal computers (Table 1) based
on their perceived popularity, market share and the availability of trial versions [16, 21]. Each security software was
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installed individually to the default path with all possible modules enabled at default settings, and had its antivirus
definitions and program modules updated after initial installation, on the day of January 8, 2019. A few security
software products provided additional features to combat against ransomware encryption on user files, and those
modules were enabled whenever provided. We obtained a sample of Ransom.WannaCry as known ransomware. We
implemented a simple program as the unknown ransomware to iterate “Documents” folder, encrypt all DOCX and
PDF files using the Windows built-in RijndaelManaged cryptographic class, and sleep for 5 seconds between each
file encryption.

Table 1. List of Security Software Tested

Software Vendor Product Name
Product
Version

Anti-Ransomware Module

Avast Avast Internet Security 19.1.2360

AVG AVG Internet Security 19.1.3075 Yes

BitDefender Bitdefender Total Security 23.0.16.72 Yes

ESET ESET Smart Security 12.0.31.0 (requires online ESET LiveGrid)

Kaspersky Kaspersky Internet Security 19.0.0.1088

McAfee McAfee Total Protection 16.0 R14

Microsoft Windows Defender 1.283.2487.0 Yes

Sophos Sophos Home Premium 1.3.3

Symantec Norton Security Premium 22.16.3.21

Trend Micro Trend Micro Maximum Security 15.0.1212 Yes

4.2 Steps to Perform Masquerade Attacks

We followed the steps below to simulate masquerade attacks by both known and unknown ransomware samples.

1. Scan the ransomware sample with the security software.

– If the unknown sample cannot be identified, execute it to check whether its attack can be thwarted.

2. Add “WINWORD.EXE” (Microsoft Word) to all exclusion lists of security software

3. Use Word to modify any docx file in “Documents” folder.

4. Go to the installation folder of “WINWORD.EXE” and replace it with a ransomware renamed as “WIN-
WORD.exe”.

– The real-time protection of the security software has to be temporarily disabled to allow the copying of
WannaCry sample to overwrite “WINWORD.exe”. Disabling real-time protection is not required for the
unknown ransomware sample.

5. Execute the fake “WINWORD.EXE” (ransomware).

4.3 Storage of the Exclusion Lists

We investigated the possible locations of storage of the explicit Exclusion Lists of security software in Windows
Registry, in the installation folder of the security software in “Program Files”, in “ProgramData” and in the “Ap-
pData” folder of the user profile. We summarized the results in Table 2. We found that Avast Internet Security,
AVG Internet Security, Bitdefender Total Security and Kaspersky Internet Security stored the lists in unencrypted
cleartext configuration files. McAfee Total Protection, Microsoft Windows Defender and Trend Micro Maximum
Security stored the lists in Windows Registry values. Sophos Home Premium used a web portal for software config-
uration and cached the settings locally; users could not change software settings without live Internet connections.
We did not find Windows Registry values or configuration files of ESET Internet Security or Symantec Norton
Security Premium.
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Table 2. Storage of the Exclusion Lists

Product Name General Exclusion Lists Anti-Ransomware Exclusion Lists

Avast Internet
Security

C:\ProgramData\AVAST Software
\Avast\exclusions.ini

N/A

AVG Internet
Security

C:\ProgramData\AVG\Antivirus
\exclusions.ini

C:\ProgramData\AVG\Antivirus
\exclusions.ini

Bitdefender
Total Security

C:\Program Files\Bitdefender
\Bitdefender Security\settings\system
\excludemgr.xml ;
C:\Program Files\Bitdefender
\Bitdefender Security\settings\system
\LGKC\ExcludeMgr.xml

C:\Program Files\Bitdefender
\Bitdefender Security\settings\bdrsp.xml

ESET Smart
Security

Cleartext list not found Possibly cloud-based by ESET LiveGrid

Kaspersky
Internet Security

C:\ProgramData\Kaspersky Lab
\AVP19.0.0\Data\settings kis.kvdb-wal

N/A

McAfee Total
Protection

HKEY LOCAL MACHINE\SOFTWARE
\McAfee\VirusScan\Overrides\System
\Settings\VSO\OAS

N/A

Microsoft
Windows Defender

HKEY LOCAL MACHINE\SOFTWARE
\Microsoft\Windows Defender\Exclusions
\Paths

HKEY LOCAL MACHINE\SOFTWARE
\Microsoft\Windows Defender
\Windows Defender Exploit Guard
\Controlled Folder Access
\AllowedApplications

Sophos Home
Premium

C:\ProgramData\Sophos
Management Communications System
\Endpoint\Cache\SAV.status
(cached from web portal)

N/A

Symantec Norton
Security Premium

Cleartext list not found N/A

Trend Micro
Maximum Security

HKEY LOCAL MACHINE\SOFTWARE
\TrendMicro\UniClient\1700\Scan
\Exceptions

HKEY LOCAL MACHINE\SOFTWARE
\TrendMicro\UniClient\1700\FolderShield
\UserExceptions

4.4 Masquerade Attacks by the Unknown Ransomware

Our proof-of-concept ransomware sample was able to encrypt files in “Documents” folder on all systems monitored
by security software that did not have offline anti-ransomware modules. Of the four security software products
that offered anti-ransomware modules, we were able to evade detection by Trend Micro Maximum Security by only
partially encrypting PDF files and sleeping 5 seconds between each file encryption. Avast Internet Security, AVG
Internet Security and Bitdefender Total Security appeared to operate anti-ransomware defense in a strict way that
required prior application whitelisting, and blocked file access by our proof-of-concept ransomware sample.

We later added “WINWORD.EXE” to all general Exclusion Lists of security software and the anti-ransomware
Exclusion Lists of those four security software, replaced “WINWORD.EXE” executable with our proof-of-concept
ransomware sample renamed as “WINWORD.EXE”, and executed the fake “WINWORD.EXE” in the new file path.
None of the real-time protection of security software noticed the file change, and our proof-of-concept ransomware
sample was able to encrypt files in “Documents” folder as designed.

4.5 Masquerade Attacks by Ransom.WannaCry

All security software products tested were able to correctly identify our known ransomware as WannaCry or Wan-
naCryptor, and were able to remove the ransomware executable before it could be executed. However, when
“WINWORD.EXE” was added to the Exclusion List and the actual application executable was later replaced
by WannaCry sample, none of the security software reported the masquerading behavior nor reported the appli-
cation as WannaCry upon its execution. Due to the self-extracting nature of this WannaCry sample, the assistant
files taskdl.exe and taskse.exe extracted to the same directory were correctly identified as WannaCryptor modules
and were removed by security software. Nevertheless, the main component of WannaCry payload masqueraded as
“WINWORD.EXE” still managed to encrypt user files in “Documents” folder.
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5 Responsible Disclosure

Using the practice of responsible disclosure, we summarized our findings and disclosed to the seven companies which
stored the Exclusion List in cleartext formats. Sophos was not included in the list of security software vendors, as
its Bug Bounty program explicitly prohibited disclosure to the public after an issue was submitted to them. The
responses from security software vendors to our responsible disclosure at the time of this paper are listed in Table
3.

Table 3. Response from Security Software Vendors to Our Responsible Disclosure

Software
Vendor

Assessed
Severity

Status Comments

Avast - In Progress
Avast thought there was a risk of deploying an APT in the
system in this manner.

AVG - Acknowledged
AVG received the email and acknowledged the possibility of
such an attack.

Bitdefender - Acknowledged
Information has been forwarded to their response team. No
additional comments were made.

Kaspersky Low Resolved The issue will be addressed in a future version.

McAfee Medium Low In Progress
Their architects are working through possible solutions to remove
the plain-text entries from the registry.

Microsoft -
Closed as
Non-Issue

Their engineers investigated the issue and determined the
behavior was by design.

Trend Micro -
Closed as
Non-Issue

They didn’t think the exclusion list issue was relevant.

Among the vendors that have responded, Microsoft and Trend Micro consider it a non-issue.

“Thank you for your submission. Our engineers investigated your report and determined the behavior
you described is by design.” (Microsoft Security Response Center)

“The exclusion list issue is irrelevant for a file that we do not detect ... Creating you own files and calling
them ‘malware’ is not a typical practice to show vulnerabilities.” (Trend Micro)

Avast, Kaspersky and McAfee acknowledged there could be a low risk when the Exclusion Lists were exploited.

“We are aware of this possibility... in general, exclusions are dangerous and we don’t recommend users
to use them, other than temporarily when they encounter a false positive. Historically, we also tried to make
adding an exclusion ‘not too user friendly’ so that it cannot be done too easily or even by mistake, but it’s
always a compromise between users asking for the feature (for whatever reason) and the security point of
view. ... But yes, it can be useful as a persistence method” (Avast)

“This issue may be classified as AV Bypass, but its real severity is Low or Moderate. ... If an item from
exclusions points to a location with a strong ACL, an attacker should have admin privileges to overwrite it
... We plan to release a fix for this vulnerability in the following releases of the product” (Kaspersky)

While some security software vendors disregarded our findings, others still acknowledged the possibility of
such attacks and were actively planning product changes. We believe a loophole has been found that could be
used to compromise the security of protected systems. The feature of Exclusion List is provided to users as a
workaround to address the issue of false positive detection by security software, which is almost impossible to avoid
completely[4]. Security software solutions sold to the market to protect them from malware attacks are also available
to cybercriminals. As soon as users implement such a list and the list is retrievable by cybercriminals, it is possible
for cybercriminals to experiment with the security software and exploit possible security loopholes, such as the
attack via Exclusion List described above.
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6 Discussion

No academic research has been found to investigate the pros and cons of implementing security software Exclusion
Lists. However, such lists are commonly implemented in practice, due to false positive rates or impact on system
performance by security software. While some industry researchers raised general concerns on the possibility of
exploiting the Exclusion Lists, we demonstrated that some security software implemented the lists as clear-text in
known or predictable locations, possibly making such exploits easier to be conducted. Despite that, no consensus
existed in the security software industry regarding the nature and severity of the issue reported. There has been
no known or reported exploits on security software Exclusion Lists. However, we believe it is a design vulnerability
and should be addressed.

To rectify this design vulnerability, we recommend that the Exclusion Lists of security software should be
safeguarded with confidentiality, and should implement proper application whitelisting that combines both the
absolute paths of the applications and the cryptographic hashes of the application executables to protect its integrity.
We found that many commercial applications were properly signed with valid certificates and their publishers usually
did not change when the products were updated or patched. As a result, we recommend the following decision-
making process to control the admission of whitelisted applications. When an application is added to the Exclusion
Lists, its cryptographic hash and publisher certificate (if available) should be obtained and stored by the security
software. When the application executable has changed, if it is signed by the same publisher, the file change could be
considered a software update, and the security software would re-compute and update the cryptographic hash value.
In all other scenarios, the file change should require approval from experienced users or system administrators. We
believe a similar algorithm is possibly already implemented by some security software. For example, ESET Smart
Security asks for user permission to grant access to webcam each time after each Google Chrome or Skype update.
We also recommend that the Exclusion Lists of security software should be stored in non-cleartext formats in
locations unknown to the public, as Norton Security Premium and ESET Smart Security did, so malware cannot
easily read them to identify applications on the Excluded Lists.

7 Conclusion

In this paper, we examined how the Exclusion Lists of popular security software were implemented. We found that
8 out of 10 popular security software we examined stored their Exclusion Lists in unencrypted cleartext formats,
either as values in Windows Registry, or as configuration files on the hard drive. We found that the cleartext values of
Exclusion Lists could be read programmatically. We also found that when an application executable on the Exclusion
Lists was replaced by a malware, the security software did not detect abnormalities unless the malware was already
known by the security software. Furthermore, when a malware was executed masquerading as an application on the
Exclusion Lists, even if the malware was known to the security software, the malicious behaviors were ignored. By
exploring proof-of-concept attack vectors on the Exclusion List of a few security software products, we were able to
reveal the design vulnerability that could give malware an “All Access” exemption to evade detection and attack
operating systems. However, after we performed responsible disclosure to security vendors, only some of them have
acknowledged this issue and promised to address it in future releases.

We believe more work should be done to properly implement Exclusion Lists applying the principles of secure
application whitelisting to maintain confidentiality of the list and the integrity of the whitelisting mechanism.
Security software should monitor changes of application executables included in the Exclusion Lists and, store the
lists either as encrypted configuration files on the disk or as one-way cryptographic hash values in Windows Registry.
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Abstract. Network quantization can effectively reduce computation and memory costs, facilitating the
deployment of complex Deep Neural Networks (DNNs) on mobile equipment. However, the low-bit quan-
tization without time-consuming training or access to the full datasets is still a challenging problem. In
this paper, we develop a two-stage quantization method to address these issues, which only requires a few
unlabeled samples. Firstly, we present a gradient-based approach to analyze per-channel sensitivity and
optimize the bit-width allocation for different channels according to their sensitivity. Secondly, we propose
to refine the quantization model by distilling knowledge from the output and intermediate features of the
pre-trained model. Extensive experiments on image classification and object detection demonstrate the
effectiveness of the proposed method, and it can achieve a promising result in 4-bit quantization.

Keywords: Network quantization · Channel sensitivity · Knowledge distillation · Unlabeled data

1 Introduction

Deep Neural Networks (DNNs) have achieved state-of-the-art performance in various tasks such as speech recog-
nition, computer vision [1], and natural language processing. However, the complexity of DNNs increases dra-
matically, which hinders its deployment on embedded devices. To alleviate this problem, a number of approaches
have been proposed [2,3], such as network quantization [4,5], weight pruning [6,7], low-rank decomposition [8,9],
compact structure design [10], and knowledge distillation [11]. Among these methods, network quantization that
can reduce the memory bandwidth and power consumption significantly has been studied extensively. To speed
up the inference, the weights and activations are simultaneously quantized with low bit-width, replacing most
of the floating-point operations to fixed-point operations.

In general, there are two categories of approaches can achieve network quantization: training-time net-
work quantization and post-training network quantization. Training-time quantization methods can obtain
extremely low bit-width, even representing weights with binary values [12–15]. However, these methods need
time-consuming training and the availability of the full datasets. Post-training quantization methods quantize
a pre-trained model in a training-free way, which can be accomplished in a short time [16–20]. As in many
real-world applications, large open training datasets are unavailable. Therefore, it is imperative to quantize the
network without the need of training data. 8-bit quantization with a few samples or without input data has
been widely used in industry nowadays [16]. Nevertheless, the lower bit quantization (such as 4-bit) without
retraining incurs considerable accuracy drop, and more efforts are needed to enhance the performance.

The general quantization methods usually assign a uniform bit-width for all layers, which is not optimal, as
the structure difference between different layers leads to different quantization properties. The layer-wise bit-
width allocation has been well studied recently [21–23]. Moreover, the importance of different channels varies
considerably [24,25], and the bit-width of different channels can be adjusted to achieve more fine-grained opti-
mization. However, relevant studies are still rare. In network optimization, the gradients indicate the tendency to
optimize the network output. The output difference between the quantization model and the pre-trained model
generates gradients of the quantized weights, which can be used for sensitivity analysis. Then the channel-wise
bit-width can be optimized according to the sensitivity analysis.

Besides, the performance of direct quantization usually cannot meet the requirements, which can be improved
with a few samples. He et al. [19] used 1000 unlabeled samples to re-estimate the statistical parameters of batch
normalization for accuracy recovery, which cannot be applied to the network having no batch normalization.
Yoni et al. [20] proposed to optimize the scaling factors of quantized weights with hundreds of unlabeled samples,
but the quantization of activations was not considered simultaneously. In fact, these works do not fully utilize
the knowledge from the powerful pre-trained model. The output and intermediate features of the pre-trained
model contain plenty of valuable information, which can be distilled for quantization refinement.

In this paper, we mainly study the linear quantization for 4-bit weights and 4-bit/8-bit activations (W4A4
/ W4A8). A two-stage optimization method is presented to achieve low-bit quantization using a few unlabeled
samples. In the first stage, we employ a gradient-based method to optimize the channel-wise bit-width allocation.
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In the second stage, we propose to align the output and intermediate features between the quantization model
and the pre-trained model for further improvement.

2 The Proposed Method

In this section, we introduce the linear quantization process first, and then we describe the channel-wise bit-width
optimization and the feature alignment based quantization refinement in detail.
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Fig. 1. The framework of unlabeled data driven network quantization.

2.1 The Linear Quantization Process

We conduct n-bit weight quantization and m-bit activation quantization on a pre-trained model Mf . The
quantization of weights can be formulated as:

wq = round(wf

2n−1 − 1

max |wf |
)
max |wf |

2n−1 − 1
. (1)

where wf denotes the weight of Mf . As the activation layer usually has a minimum value of zero, the activations
can be quantized as:

xq = clamp(0, 2m − 1, round(xf

2m − 1

T
))

T

2m − 1
, (2)

where xf represents the full precision pre-activation, and T is a threshold stored for inference, which can be
evaluated through batches of input data. The activation is clipped when it exceeds the threshold. To balance
the computation efficiency and the accuracy, we apply per-channel quantization and per-layer quantization for
weights and activations, respectively. By Eq. (1) and Eq. (2), we can obtain an equal bit-width quantization

model M
(E)
q . This works well for 8-bit quantization but induces significant accuracy loss in 4-bit quantization.

The quantization model can be further improved with a few unlabeled samples as the following sections.

2.2 Gradient-Based Channel-Wise Bit-Width Optimization

According to the equal bit-width quantization model from Section 2.1, we perform quantization sensitivity
analysis and optimize the channel-wise bit-width allocation under the same consumption. The proposed method
originates from a simple idea: The larger the gradient, the more sensitive the parameter is. The quantization error
causes the output difference between the quantization model and the pre-trained model. By back-propagation
algorithm, we can obtain the gradients of quantized weights. The weights that are more relevant to output
difference have larger gradients, and we can analyze the sensitivity of different channels based on the gradient
distribution.

The proposed method can be shown in Fig. 1 (Stage 1). Given an unlabeled sample, the output difference
used for sensitivity analysis can be evaluated as:

Lsensitivity = MSE(u1(x,Mf ), v1(x,M
(E)
q )), (3)
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where x represents the input data, u1 and v1 denote the output of Mf and M
(E)
q , respectively. Since the weights

vary a lot and different weights have different sensitivity to the same gradient value, the magnitude of weights
should be considered in sensitivity analysis. The sensitivity of the weight can be measured as:

ĝw =

{

|gw|/|wq| wq 6= 0,

|gw|/|α∆| wq = 0, ∆ =
max|wf |
2n−1−1 ,

(4)

where gw is the gradient of weight, ∆ represents the quantization step, and α denotes a parameter controlling
the approximate value of zero weights, which is usually set to 0.5.

On the basis of the collected gradients with N unlabeled samples, the sensitivity of the i-th channel can be
formulated as:

Si =

∑

N

∑

Ĝi
W

N × c× d× d
, (5)

where Ĝi
W ∈ R

c×d×d represents the statistical information of the i-th channel, c and d denote the input channel
number and the kernel size, respectively. According to the above sensitivity analysis, we can get the sensitivity
of each channel. The channels scoring high that are more sensitive to quantization should be allocated with
more bits. The channels scoring low that are less sensitive to quantization should be allocated with fewer bits
to keep the average bit-width unchanged. By optimizing the channel-wise bit-width allocation, we can achieve

an improved quantization model M
(O)
q without adding consumption. Due to the gradient decaying in back-

propagation, the method cannot be applied to analyze the channel-wise sensitivity between different layers. But
it can be combined with the layer-wise bit-width optimization method for further improvement.

In addition to the quantization of weights, the low-bit quantization of activations also results in significant
accuracy drop, which can be developed through optimizing the threshold [16, 18]. To improve the quantization
of activations, analytical clipping [18] is used to trade off the quantization noise and the clipping distortion.

2.3 Feature Alignment Based Quantization Refinement

The performance of the quantization model from Section 2.2 can be further enhanced through distilling knowl-
edge from the pre-trained model with limited data. As shown in Fig. 1 (Stage 2), a teacher-student framework
is employed to improve network quantization. The pre-trained model is considered as a teacher, and the quan-
tization model is considered as a student. To recover the accuracy of the quantization model, we propose to
align the output of quantized layers and original layers. With a few samples available, simply aligning the last
layer will lead to the mismatch of intermediate features, resulting in overfitting finally. To avoid overfitting and
speed up convergence, the alignment of intermediate layers is essential, especially for very deep networks.The
alignment loss can be formulated as:

Lalignment =

l
∑

i=1

βiMSE(ui(x,Mf ), vi(x,M
(O)
q )), (6)

where u and v denote the output and intermediate features of Mf and M
(B)
q , respectively, l layers are selected

for alignment, β represents the weighting factor of the selected layer.
With only a few samples, the search space should be limited to avoid large deviation from the pre-trained

model. First, the threshold in activation quantization is necessary to constrain the output range of activations.
The forward function of the activation layer is presented in Eq. (2), whose derivative is zero almost everywhere,
making the gradient unable to propagate. The “straight through estimator” was proposed to solve the training
of non-differentiable operators [13], and the backward function can be formulated as:

∂L

∂x
=

{

∂L
∂xq

x ∈ [0, T ],

0 others.
(7)

The gradients can propagate backward only when the pre-activations range in [0, T ]. Besides, as limited data
is not sufficient to evaluate the real statistical property of the training set, the statistical mean and variance
of batch normalization are kept consistent with the pre-trained model, which is different from re-estimating
statistical parameters for accuracy recovery [19]. During the alignment process, only trainable parameters are
updated.

2.4 The Overall Quantization Process

The process of the proposed two-stage quantization method is demonstrated in Algorithm 1. Only a few un-
labeled samples are needed to accomplish the whole quantization. In the first stage, we evaluate per-channel
sensitivity and optimize the bit-width allocation for different channels. Besides, we adopt analytical clipping
to optimize the low-bit quantization of activations. In the second stage, we refine the quantization model by
aligning the output and intermediate features with the pre-trained model.
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Algorithm 1 The unlabeled data driven two-stage quantization algorithm.

Input: N samples (unlabeled), pre-trained model Mf , n-bit/m-bit quantization.

Output: Low-bit quantization model Mq.

1: Stage 1: Channel-wise Bit-width Optimization

2: Obtain an equal bit-width quantization model M
(E)
q by Eq. (1) and Eq. (2).

3: Collect the gradient information:

4: for i = 1,...,N do

5: Forward propagate to compute the loss for sensitivity analysis.

6: Backward propagate to compute the gradients of quantized weights.

7: end for

8: Evaluate per-channel sensitivity according to Eq. (4) and Eq. (5).

9: Optimize channel-wise bit-width allocation and get an optimized model M
(O)
q .

10: For low-bit activations, optimize the threshold through analytical clipping.

11: Stage 2: Feature Alignment

12: Initialize the full precision weight w0 = w0
q for parameter updating.

13: for epoch = 1,...,K do

14: Forward propagation:

15: Compute the output and intermediate features of Mf and M
(O)
q .

16: Compute the alignment loss for knowledge distillation.

17: Backward propagation:

18: Compute the gradients of xt−1
q and wt−1

q .

19: Parameter update:

20: Update the full precision weight, wt = wt−1 − ηt−1 ∂L

∂w
t−1

q

.

21: Quantize the weight according to Eq. (1).

22: Update the learning rate ηt.

23: end for

3 Experiments

In this section, we verify the effectiveness of the proposed method and compare it with several existing quan-
tization methods on image classification. Besides, we also extend the experiments on object detection. The
experiments are implemented in Pytorch.

3.1 Experiments on Image Classification

We mainly perform the experiments on ImageNet dataset, which contains over 1.2 million training images, 100k
test images, and 50k validation images. Each image is classified into 1000 object categories. In the experiments,
1000 samples are randomly selected from the training dataset for channel-wise sensitivity analysis, analytical
clipping, and feature alignment. All images are resized to 256×256 and then cropped to 224×224 without data
augmentation. In this work, we mainly study W4A8 and W4A4 quantization (the first layer and the last layer
are quantized with 8-bit), and we perform extensive experiments on AlexNet, VGG16, VGG16-BN, ResNet-18,
and ResNet-50.

Gradient-Based Channel-Wise Bit-Width Optimization. First, we conduct W4A8 quantization on the
pre-trained model and obtain an equal bit-width quantization model. Then we collect the gradients of quantized
weights, which are generated by the output difference between the pre-trained model and the quantization model.
With 1000 unlabeled samples, we can obtain a sensitivity statistics vector S for each layer, which demonstrates
the sensitivity of different channels. The distribution of the sensitivity statistics in a layer is presented in Fig. 2.
As we can see, only a small proportion of the channels have high sensitivity scores. The channels scoring high
are expected to be more sensitive to quantization, which should be allocated with more bits.
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Fig. 2. The distribution of per-channel sensitivity statistics. Left: Conv5-3 in VGG16. Right: Layer4.2.conv3 in ResNet50.
The red bins represent the top-10% channels with high scores.
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Fig. 3. The verification results for channel-wise sensitivity analysis.

We further perform experiments to verify the sensitivity analysis results. According to the sensitivity anal-
ysis, the channels with high scores are quantized with 5-bit in each layer, and we compare it with the model
equally quantized with 4-bit (W4A8) or 5-bit (W5A8). The results are shown in Fig. 3. The accuracy of W4A8
quantization is marked as ‘0%’, and the accuracy of W5A8 quantization is marked as ‘100%’. As we can see,
quantizing the top-10% sensitive channels with 5-bit can achieve 40%∼70% improvement over W4A8 quantiza-
tion, illustrating that the channels scoring high are more sensitive to quantization. However, this tendency drops
quickly, and quantizing the top-80% sensitive channels with 5-bit can nearly approach W5A8 quantization. In
addition to 5-bit optimization, we also quantize the sensitive channels with 6-bit or more, but the relative gain is
not obvious comparing to 5-bit. Therefore, we assign 5-bit to the sensitive channels in the following experiments.

C

C+O(±10%)

C+O(±20%)

C+O(±10%)

C+O(±20%)

Fig. 4. The results for channel-wise bit-width optimization. ‘FP’ denotes the pre-trained model, ‘C’ denotes analytical
clipping, ‘O’ denotes bit-width optimization, ‘±10%’ denotes quantizing the top-10% channels with 5-bit and quantizing
the top-10% less sensitive channels with 3-bit.
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To keep the consumption consistent with equal bit-width quantization, the less sensitive channels are quan-
tized with 3-bit. We quantize the top-10% less sensitive channels with 3-bit, which has little effect on the
performance. For further accuracy improvement, we improve the optimization proportion and perform further
experiments. As shown in Fig. 4, when the proportion increases to ±20%, the performance degenerates slightly
comparing to ±10% optimization in several structures. To explain, with the proportion increases, the perfor-
mance gain of 5-bit channels slows down, and 3-bit channels degrade the performance seriously. Therefore, we
adopt ±10% optimization in the experiments.

Feature Alignment Based Quantization Refinement. Given a few unlabeled samples, we utilize the
output and intermediate features of the pre-trained model for quantization refinement. Except the output layer,
2∼4 intermediate layers are selected for alignment. SGD is used as the optimizer and has a momentum of 0.9.
The learning rate starts from 0.001 and decays to 0.0001 when the loss flattens. In the optimization process,
the alignment loss drops quickly, and the accuracy improves rapidly in the early iterations. In most cases, we
can obtain a comparable result within ten epochs. With more epochs, the performance only improves slightly.
In the experiments, 1000 unlabeled samples are used for feature alignment, and increasing samples can improve
the performance marginally. With 1000 samples and less number of iterations, the whole refinement process can
be very fast.

We compare the proposed method with two quantization methods [18, 20] which also aim to achieve the
rapid deployment of low-bit quantization. As shown in Table 1 and Table 2, aligning the features can improve
the accuracy by a large margin. By channel-wise bit-width optimization and feature alignment, the performance
of the quantization model outperforms the existing methods except the W4A8 quantization of AlexNet. The
W4A8O(±10%)+D quantization only causes little accuracy drop comparing to the pre-trained model. Moreover,
the performance of W4A4C+O(±10%)+D quantization is also acceptable for deployment.

Table 1. The W4A8 quantization results on image classification. ‘D’ denotes the knowledge distillation based quantiza-
tion refinement.

Network FP W4A8 He, X [20] W4A8D W4A8O(±10%)+D

AlexNet
Top1 56.55 -5.00 -0.39 -1.31 -0.96
Top5 79.08 -3.65 -0.20 -0.87 -0.60

VGG16
Top1 71.59 -2.54 - -0.34 -0.29

Top5 91.38 -2.16 - -0.22 -0.21

VGG16-BN
Top1 73.37 -7.09 - -0.72 -0.67

Top5 91.50 -4.28 - -0.36 -0.32

ResNet-18
Top1 69.76 -14.22 -1.83 -1.72 -1.43

Top5 89.08 -9.94 -1.01 -0.94 -0.80

ResNet-50
Top1 76.15 -6.10 -2.14 -1.28 -1.14

Top5 92.87 -3.35 -0.99 -0.59 -0.42

Table 2. The W4A4 quantization results on image classification.

Network FP W4A4C Ron, B [18] W4A4C+D W4A4C+O(±10%)+D

AlexNet
Top1 56.55 -7.96 -2.99 -3.34 -2.75

Top5 79.08 -5.94 -1.81 -2.43 -1.80

VGG16
Top1 71.59 -4.08 - -0.85 -0.84

Top5 91.38 -3.50 - -1.62 -1.55

VGG16-BN
Top1 73.37 -10.84 -5.98 -1.97 -1.90

Top5 91.50 -6.34 -3.52 -0.99 -0.92

ResNet-18
Top1 69.76 -18.96 -4.19 -3.70 -3.10

Top5 89.08 -14.09 -2.35 -2.13 -2.05

ResNet-50
Top1 76.15 -12.27 -6.64 -3.39 -3.15

Top5 92.87 -7.56 -3.73 -1.81 -1.70

3.2 Extensional Experiments on Object Detection

In addition to image classification, we also evaluate the proposed method on object detection. We adopt the
widely used object detection framework SSD300, which is trained with the combined training set from VOC
2007 and VOC 2012, and tested on the VOC 2007 test set. The backbone of SSD300 is based on VGG16,
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and the performance is measured by mean Average Precision (mAP). The first layer is quantized with 8-bit,
and all other layers are quantized with 4-bit. We randomly select 1000 samples from the training dataset for
channel-wise sensitivity analysis, analytical clipping, and feature alignment. As on image classification, we use
SGD with a momentum of 0.9 as the optimizer. The learning rate is initialized to 0.001 and decays to 0.0001
when the loss flattens.

From the results presented in Table 3 and Table 4, we can see that both channel-wise bit-width optimization
and feature alignment can improve the accuracy significantly. Combining these two methods together, we can
achieve the best performance. The performance of W4A8O(±10%)+D quantization is comparable to the pre-
trained model, and W4A4C+O(±10%)+D quantization only drops 1.56% comparing to the pre-trained model.

Table 3. The W4A8 quantization results on object detection.

Network FP W4A8C W4A8O(±10%) W4A8D W4A8O(±10%)+D

SSD300 77.49 70.84 76.12 76.72 77.04

Table 4. The W4A4 quantization results on object detection.

Network FP W4A4C W4A4C+O(±10%) W4A4C+D W4A4C+O(±10%)+D

SSD300 77.49 68.30 74.51 75.51 75.93

4 Conclusion

In this paper, we present a two-stage quantization method that can achieve the rapid deployment of DNNs
with a few unlabeled samples. First, we propose to optimize the channel-wise bit-width allocation without
adding consumption using a gradient-based sensitivity analysis method. Besides, we propose to align the output
and intermediate features from the pre-trained model to the quantization model for further improvement.
Experiments on image classification and object detection demonstrate the effectiveness of the proposed method.
In future research, we will explore the combination of layer-wise and channel-wise bit-width optimization to
achieve superior resource allocation.

Acknowledgments. All correspondences should be forwarded to Chen Chen, the corresponding author, via
chen.chen@ia.ac.cn. This work was supported by the National Science Foundation of China under Grant NSFC
61906194.

References

1. Krizhevsky, A., Ilya, S., Geoffrey, E. H.: ImageNet classification with deep convolutional neural networks. In Advances
in neural information processing systems, pp. 1097-1105 (2012)

2. Cheng, Y., Wang, D., Zhou, P., et al.: Model Compression and Acceleration for Deep Neural Networks: The Principles,
Progress, and Challenges. IEEE Signal Processing Magazine, 35(1), pp. 126-136 (2018)

3. Cheng, J., Wang, P., Li, G., et al.: Recent Advances in Efficient Computation of Deep Convolutional Neural Networks.
Frontiers Inf Technol Electronic Eng, pp. 19-64 (2018)

4. Gupta, S., Agrawal, A., Gopalakrishnan, K., et al.: Deep learning with limited numerical precision. International
Conference on Machine Learning, (2015)

5. Lin, D., Talathi, S., Annapureddy, S.: Fixed point quantization of deep convolutional networks. International Confer-
ence on Machine Learning, (2016)

6. Han, S., Pool, J., Tran, J., et al.: Learning both weights and connections for efficient neural network. Advances in
neural information processing systems, (2015)

7. Han, S., Mao, H., Dally, W. J.: Deep compression: Compressing deep neural networks with pruning, trained quanti-
zation and huffman coding. arXiv preprint arXiv:1510.00149 (2015)

8. Denton, E. L., Zaremba, W., Bruna, J., et al.: Exploiting linear structure within convolutional networks for efficient
evaluation. Advances in neural information processing systems, (2014).

9. Jaderberg, M., Vedaldi, A., Zisserman, A.: Speeding up convolutional neural networks with low rank expansions.
arXiv preprint arXiv:1405.3866 (2014)

10. Howard, A.G., Zhu, M., Chen, B., et al.: Mobilenets: Efficient convolutional neural networks for mobile vision
applications. arXiv preprint arXiv:1704.04861 (2017)

ICONIP2019 Proceedings 15

Volume 16, No. 4 Australian Journal of Intelligent Information Processing Systems

https://arxiv.org/abs/1510.00149
https://arxiv.org/abs/1405.3866
https://arxiv.org/abs/1704.04861


8 Y. Yuan et al.

11. Hinton, G., Vinyals, O., Dean, J.: Distilling the knowledge in a neural network. arXiv preprint arXiv:1503.02531
(2015)

12. Zhou, S., Wu, Y., Ni, Z., et al.: Dorefa-net: Training low bitwidth convolutional neural networks with low bitwidth
gradients. arXiv preprint arXiv:1606.06160 (2016)

13. Courbariaux, M., Bengio, Y., David, J.P.: BinaryConnect: training deep neural networks with binary weights during
propagations. International Conference on Neural Information Processing Systems, pp. 3123-3131 (2015)

14. Hubara, I., Soudry, D., Yaniv, R.E: Binarized Neural Networks. Advances in Neural Information Processing Systems,
(2016)

15. Rastegari, M., Ordonez, V., Redmon, J.: XNOR-Net: ImageNet Classification Using Binary Convolutional Neural
Networks. European Conference on Computer Vision, pp. 525-542 (2016)

16. Migacz, S.: 8-bit inference with TensorRT. In GPU Technology Conference, Vol. 2, p. 7 (2017)
17. Krishnamoorthi, R.: Quantizing deep convolutional networks for efficient inference: A whitepaper. arXiv preprint

arXiv:1806.08342 (2018)
18. Ron, B., Yury, N., Elad, H., Daniel, S.: ACIQ: Analytical Clipping for Integer Quantization of neural networks .

arXiv preprint arXiv:1810.05723v1 (2018)
19. He, X., Cheng, J.: Learning Compression from Limited Unlabeled Data. In Proceedings of the European Conference

on Computer Vision, pp. 752-769 (2018)
20. Choukroun, Y., Kravchik, E., Kisilev, P.: Low-bit Quantization of Neural Networks for Efficient Inference. arXiv

preprint arXiv:1902.06822 (2019)
21. Lin, D., Talathi, S., Annapureddy, S.: Fixed point quantization of deep convolutional networks. In International

Conference on Machine Learning, pp. 2849-2858 (2016)
22. Zhou, Y., MoosaviDezfooli, S. M., Cheung, N. M., Frossard, P.: Adaptive quantization for deep neural network. In

Thirty-Second AAAI Conference on Artificial Intelligence, (2018)
23. Soroosh, K., Jing, L.: Adaptive Quantization of Neural Networks. International Conference on Learning Represen-

tations, (2018)
24. He, Y., Zhang, X., Sun, J.: Channel pruning for accelerating very deep neural networks. In Proceedings of the IEEE

International Conference on Computer Vision, pp. 1389-1397 (2017)
25. Li, H., Kadav, A., Durdanovic, I., Samet, H., Graf, H. P.: Pruning filters for efficient convnets. arXiv preprint

arXiv:1608.08710 (2016)
26. Komodakis, N., Zagoruyko, S.: Paying more attention to attention: improving the performance of convolutional

neural networks via attention transfer. International Conference on Learning Representations, (2017)

16 ICONIP2019 Proceedings

Australian Journal of Intelligent Information Processing Systems Volume 16, No. 4

https://arxiv.org/abs/1503.02531
https://arxiv.org/abs/1606.06160
https://arxiv.org/abs/1806.08342
https://arxiv.org/abs/1810.05723v1
https://arxiv.org/abs/1902.06822
https://arxiv.org/abs/1608.08710


Training Stage Optimisation for Neural Network Operating in the
Resource Constrained Environment

Mansoor Ali Halari1 and Jo Plested2

Australian National University, Canberra, Australia
mansoorali.halari@anu.edu.au, jo.plested@anu.edu.au

Abstract. Training a neural network model until convergence is an important assumption to ensure consis-
tency of the model. In a resource-constrained environment, this assumption imposes a significant challenge. We
investigate a technique to help reduce the training time of the neural network. We propose a hybrid technique
to be applied at the training stage. The proposed hybrid technique combines a bimodal outlier removal mech-
anism and features selection based on genetic algorithm. We have applied the hybrid technique on regression
problem as well as a classification problem using the oil-well core log (dataset) from an oil reservoir, located
in North West Shelf, Australia. The results indicate a reduction in training time of the neural network that is
likely to be useful for models operating on larger datasets in a resource constrained environment.

Keywords: Resource constrained · Constrained environment · Resource constrained environment · Training
stage · Optimisation · Training time · Neural network · Regression · Classification · Feature selection · Bimodal
distribution · Outlier removal · genetic algorithm · Oil well · Porosity · Permeability · Well go · Oil reservoir ·
Hybrid technique.

1 Introduction

The convergence of an estimator to the target of estimation is described as consistency. The neural network is
consistent under a set of conditions primarily related to size and quality of training set, and neural network archi-
tecture. For the size of the training set approaching infinity, the neural network is guaranteed to converge. For the
size of the training set as finite, the neural network’s convergence is primarily based on the quality of the training
set [1].

Outliers impact the training time for convergence of model [1]. Size of features set impacts the computational
requirement [2]. Quality of features in training set and selection of features is an important aspect in the accuracy
and speed of neural network models as well as the model’s ability to generalise [3]. Such sensitivities in the neural
network lead to variance in output.

Removal of outliers i.e. high variance data points from the training set results in a training set that improves
generalisation [1]. One of the methods is the bimodal distribution removal technique (BDR), which is an outlier
detection and noise removing technique.

Dimensionality reduction is an optimisation problem which aims to reduce the number of features to an optimal
number. One way to achieve this is by applying a genetic algorithm (GA) [3]. This increases efficiency by reducing
the number of features in the network, which can decrease training time and improve generalisation of unseen data.

The performance of machine learning models such as fuzzy decision tree and imperialist competitive algorithm
was investigated on an oil well data set [4]. The research concluded that hybrid machine learning algorithms have
better performance and are more reliable to predict values such as predicting porosity and permeability for oil well
data in reservoir model simulations.

We present the hybrid technique, which involves the outlier removal by bimodal distribution removal [1] and
the implementation of a genetic algorithm for feature selection [5]. The hybrid technique is implemented for both
classification and regression neural networks. We have used the oil well data set and compared the results with
other papers.

The results are (1) implementation of GA and BDR help improves neural network efficiency and performance,
and (2) fractured samples are not representative of the sample for the prediction task. Further, it was also reviewed
that being in a geological straight line, preceding well can predict feature of next well, however, the accuracy is less
than 50%. The reduction in training time of the neural network is useful for models operating on larger datasets in
a resource constrained environment.
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2 Method

2.1 Data Set

The dataset is core logs contains samples of rock obtained from oil wells located in the North West Shelf, offshore
western Australia. The data is collected from three wells. The wells are located approximately in a straight line
from each other [6]. These were classified by an expert geologist. The data has outliers.

Fig. 1. Presence of outlier for feature PEF, RXO and NPHI.

The features available in the dataset are GR (Gamma Ray), RDEV (Deep Resistivity), RMEV (Shallow Re-
sistivity), RXO (Flushed Zone Resistivity), RHOB (Bulk Density), NPHI (Neutron Porosity), PEF (Photoelectric
Factor), DT (Sonic Travel Time).

The truth values for prediction parameters are PHI (porosity), logK (permeability) and for classification is
FLAG (quality core sample).PHI (porosity) is defined as space inside a rock to hold fluid and logK (permeability) is
defined as the ability of a rock to transmit fluid. FLAG is defined as the quality of the core sample and classified as
Frac (means the presence of fractures in the core sample), Ok and Good. These parameters are features for reservoir
characterisation.

The characteristic of the features set is it is highly overlapping feature values.

Fig. 2. Features set is highly overlapping with different colours for different features.

2.2 Performance Measurement

For the classification task, the performance measure is an accuracy measure as this is the simplest measure depicting
the model performance.

For the regression task, the measure measurement method is mean squared error between predicted value
(regression line) and the truth value. It is a standard measure of estimate performance.
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2.3 Training Stage Optimisation with BDR

Removing noise from the training data set helps reduce training time and improve generalisation [1]. The model
proposed is called Bimodal Distribution Removal (BDR). The term Bimodal Distribution (BD) refers to the case
in which error distribution has low peaks for data points in training set where the model has learnt and high peak
for data points which have not been learned well by the model and are probably outliers [1].

This distribution implies that the model can have a mechanism which will allow detection and removal of outliers.
Data points to be permanently removed is based on the formula: Data point error ≥ meanoferrorMSEST onsubset(ST )+
α ∗ standarddeviationoferrorSTDEST onsubset, whereαisasensitivityfactor.

Model Experiment: Investigation of BDR Parameters In BDR model, the points for investigation are: (1)
the identification of optimal learning stage (optimal epoch values) at which outlier removal mechanism should be
executed and (2) the sensitivity factor α(thecriteriaforremovalofoutliers).

Identification of optimal stage is required because if data points are removed too early then it may result in
knowledge loss from data points which the network could have learnt at a later stage. This is determined by variation
in epoch values to find the optimal stage for removal.

Based on our analysis, the optimal epoch value comes to 50 because this gives the best classification accuracy
at 51.43% and the minimum mean squared error.

Table 1. Analysis of optimal Epoch.

Model Type Unit Epoch25 Epoch50 epoch75

Classification Accuracy 45.24% 51.43% 44.29%
Regression (PHI) MSE 0.0956 0.0751 0.1507
Regression (logK) MSE 0.4343 0.1374 0.3819

Sensitivity factor is the criteria for the removal of outliers. The optimal value is 0.5 because it results in the
best classification accuracy of 50.95% and minimum mean squared error.

Table 2. Analysis of optimal Sensitivity.

Model Type Unit Sensitivity 0 Sensitivity 0.5 Sensitivity 1.0

Classification Accuracy 48.10% 50.95% 50.00%
Regression (PHI) MSE1 0.0952 0.0782 0.0934
Regression (logK) MSE 0.3445 0.4419 0.4477

2.4 Features Subset Selection with Genetic Algorithm

In multivariate analysis, selection of a combination of features or variables producing optimal results is termed
as an optimisation problem. Selecting the optimal features subset helps reduce the computational requirement of
the neural network and improve model performance and generalisation. The model proposed by is called Genetic
Algorithm for Feature Selection (GA) [4].

Model Experiment: Investigation of GA Parameters The functionality of the genetic algorithm is influ-
enced by the following factors: the size of population and generation, initialisation operator, crossover probability,
probability of mutation and selection operator [7]. It is recommended to perform an analysis of optimal factors for
designing of GA [7].

The gene which is a binary operator either 0 or 1 representing active (1) or passive (0) gene. Further, Individual
is a set of features and each feature is equivalent to the gene which is each 0 or 1 in the set of features. The individual
is included in population and generations consist of multiple populations. Evaluation function or fitness function
is neural net with BDR, and it returns the accuracy of the input individual. Selection operator outputs the best
randomly chosen individuals.

ICONIP2019 Proceedings 19

Volume 16, No. 4 Australian Journal of Intelligent Information Processing Systems



4 Mansoor Ali Halari and Jo Plested

Table 3. Analysis of Crossover rate.

Model Type Unit Crossover 0.8 Crossover 0.9 Crossover 1.0

Classification Accuracy 52.00% 56.00% 52.00%
Regression (PHI) MSE 0.2105 0.1950 0.2736
Regression (logK) MSE 0.3839 0.1891 0.2309

Table 4. Analysis of Mutation rate.

Model Type Unit Mutation 0.01 Mutation 0.1 Mutation 1.0

Classification Accuracy 48.00% 56.00% 44.00%
Regression (PHI) MSE 0.2171 0.1950 0.2031
Regression (logK) MSE 0.1905 0.1891 0.5310

Crossover operator is set as ordered for the input individuals, which implies that crossover is implemented on
the ordered pairs. We have used the recommended crossover probability at 90% of the population [4]. The mutation
operator is set as Shuffle Indexes which shuffles the index of input individuals. We have used the mutation probability
of 1% [4].

2.5 Neural Network Architecture

The functionality of the neural network is influenced by the following factors: hidden layers, the number of neurons
in layers and connectivity between layers and neuron and input and output [8]. The network is based on one hidden
layer. The hidden layer is fully connected to both the input layer and the output layer.

Model Experiment: Investigation on Neural Network Hyper-Parameters In a neural network, the points
for investigation are: (1) identification of the optimal learning rate, (2) number of neurons in the hidden layers, (3)
number of the hidden layers and (4) number of epochs.

Based on the analysis, optimal value of the neural network optimally performs at 50 hidden neurons, learning
rate of 0.01 with 1 hidden layer and 1000 epochs.

Table 5. Analysis of neural network parameters.

Model Type Unit Number of Hidden Neurons Learning Rate
5 50 500 0.001 0.01 0.1

Classification Accuracy 45.71% 55.71% 49.52% 50.48% 53.81% 55.71%
Regression MSE 0.1211 0.0647 0.0464 0.0504 0.0321 0.0923

Number of Hidden Layers Number of Epochs
0 1 2 100 1,000 10,000

Classification Accuracy 46.67% 48.57% 5095% 51.90% 50.48% 50.48%
Regression MSE 0.0587 0.0313 0.0876 0.0515 0.0393 0.3797

3 Results and Discussion

3.1 Hypothesis: BDR Improves the Learning Time at Training Stage and GA Improves
Computational Time and Generalisation

Our paper hypothesis is that GA optimises features set which help improve computation time and BDR technique
remove outlier, which in turn reduce error in learning which in turn improve the performance of the model at the
training stage.

1 Mean Squared Error
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Fig. 3. Performance of classification and regression loss in three models for training.

The above graph outlines that convergence is improved by introducing BDR and GA.

Table 6. Performance measurement with and without BDR and GA.

Model Type Unit Features BDR Features GA & BDR
Without With With

Classification Seconds 8 0.7449 0.7159 6 0.1924
Regression (PHI) Seconds 8 0.3151 0.2592 6 0.0578
Regression (logK) Seconds 8 0.3190 0.3161 3 0.0269

This concluded the hypothesis is confirmed that addition of BDR and GA techniques help improve performance.
The large dataset shall benefit more from our hybrid model due to the presence of a higher number of outliers and
volume of training data.

3.2 Data Experiment: Classification Results in Comparison with Fuzzy Clustering Classification

The hybrid technique is compared with Fuzzy Clustering Classification as the baseline [6].

Table 7. Classification of core log samples from three wells.

Well Classification Accuracy
FCC BDR BDR & GA

1 70.00% 56.00% 56.00%
2 75.00% 56.00% 61.00%
3 60.00% 56.00% 64.00%

3.3 Data Experiment: Predicting PHI and logK with Core Samples Marked as Fractured

Regression experiments were conducted including fractured samples and excluding fractured samples. The aim is
to analyse model behaviour to patterns that are considered noise by the expert.
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The result depicts that adding fractured sample increases the mean squared error confirming that removing the
fractured sample enhances model prediction accuracy.

Table 8. Mean squared error of prediction including and excluding fractured sample.

Model Type Unit Including fractured Samples Excluding fractured Samples

Regression (PHI) MSE 0.1057 0.1044
Regression (logK) MSE 0.4404 0.4344

3.4 Data Experiment: Prediction of Well Based on Previous Well

Geographically, the wells are located approximately on the straight line from each other: Well 3, Well 1 and Well 2.
The experiment is performed to evaluate well 3 data to predict values of well 1 and use well 1 data to predict well
2 values.

Based on the results, it is observed that wells being in the straight line, have better prediction ability (as depicted
by lesser mean square error and higher accuracy) to predict the next well in a geographic straight line.

Table 9. Using well 3 train set to predict and classify well 1 results and using well 1 train set to predict well 2 results.

Model Type Unit Experiment 1 Experiment 2
Training Test Result Training Test Result

Classification Accuracy Well 3 Well 1 62.00% Well 1 Well 2 30.67%
Regression (PHI) MSE Well 3 Well 1 0.0826 Well 1 Well 2 0.3915
Regression (logK) MSE Well 3 Well 1 0.1212 Well 1 Well 2 0.3700

4 Conclusion and Future Work

We propose a hybrid approach by combining data outlier removal and features selection methods. The hybrid
technique reduces training time and computational resources.

The neural network is computational resource intense [9]. Therefore, in addition to optimisation of features
selection and reduction of outliers, learning important connections and pruning unimportant connections improves
neural network efficiency on a large dataset.

An area of improvement is to focus on optimising neural network topology by using the technique for constructing
the network and adding the number of neurons and the number of hidden layers. This includes implementation of
the technique of [10] which is the use of GA for development of NN. The key issue in the GA algorithm is fitness
function and proposed hybrid and adaptive fitness [11], which will be the focus of our future research.
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Abstract. Hierarchical structures are known since decades for their outstanding properties that
make them ideal for representing data and has been suggested as a particularly important method
for organizing concepts. This paper fills a big gap between Multilayer Nonnegative Matrix Fac-
torization and hierarchical structures. We prove that this prototype based model is a deep archi-
tecture. We prove mathematically and by experiments that each layer depends on the preceding
layers, even being trivial it doesn’t exist any stated proof of this. We conclude that different
layers in Multilayer Nonnegative Matrix Factorization are not only dependant but also the order
of construction is prominent. In other words, Multilayer NMF is indeed a hierarchical dimen-
sionality reduction and clustering method. It involves learning multiple levels of representation,
corresponding to different levels of abstractions.

Keywords: NMF · Multilayer NMF · Deep Learning · Hierarchy · Dependance.

1 Introduction

Nonnegative Matrix Factorization (abbreviated in NMF) is a linear algebra basic modeling approach of dimen-
sionality reduction adapted to matrices with high dimension [15]. By decomposing a data set into two matrices,
a prototypes and a partition (Latent components) matrices, it allows retrieving sparse and easily interpretable
features, which have made of it an efficient widely used tool in several issues, particularly in high dimensional data
analysis. It also serves in clustering tasks, for topics recovery and in temporal segmentation. NMF was introduced
first by Lee and Seung in [15] where they present an algorithm that learns parts of faces and semantic features of
text. From then on NMF has found several potential scientific and engineering applications including:

– Image processing ( [23] and [24]): representation of faces images, classification of images.
– Text processing ( [30], [2] and [14]): classification of documents, extraction of semantic characters in texts.
– Source separation ( [29] and [20]): separating voices in speech mixtures and singing voices in polyphonic mixtures.
– Economy ( [8]): diversification of actions.
– Biology ( [4] and [11]): clustering of genes implicated in cancer.

There exists several variants of NMF (see [3, 13, 19, 25] and the references therein). For example, symmetric NMF,
semi-orthogonal NMF and three factor NMF were developed by imposing additional constraints to the resulting
matrices in order to solve some gaps from which basic NMF suffers (e.g. imposing sparsity leads to have unique
factors).

A remarkable variant of NMF that improves NMF performances is the Multilayer NMF, introduced by Cichoki
and Zdunek in [7]. The main idea in Multilayer NMF is that, after obtaining the prototypes and the partition
matrices from an initial data matrix, it decomposes again the partition matrix via standard NMF to obtain an
additional prototypes matrix and a new partition matrix. This process can be repeated as many times as the
defined number of wanted layers. The output is a list of ordered prototypes matrices and one partition matrix. This
family of NMF is now used in many data mining applications and thus remains a topic of ongoing interest. Despite
the qualities of this approach, however, it is not clear if the obtained structure includes a proper hierarchy, in the
sense that the different layers of prototypes matrices are not interchangeable.

Our objective in this work is to show the hierarchy between different layers in Multilayer NMF by using a
mathematical approach. If we look in the literature, we find that most of the works done in that direction doesn’t

? The first author has been partially supported by the ”Centre National de Recherche Scientifique et Technique” (CNRST-
Morocco), Ref I.06/005, grant number L010/011, and Erasmus+ Program, separately.
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formalize enough the existing link, they just make some experiments to either learn the link or to assimilate the
multilayer NMF process to an existing hierarchical structure and then conclude that it is self-hierarchical. However,
such approach does not really ensure the hierarchy, as it lacks a mathematical formalization of the dependence
between layers. In this paper, the dependance is explicitly established, showing that Multilayer NMF is properly a
deep process.

Our approach consists of expressing each prototypes matrix Fi+1 corresponding to the layer i+1 in terms of the
prototypes matrix Fi computed in the preceding step. Explicitly we infer a nonlinear function f that ensures the
link between different prototypes matrices, i.e Fi+1 = f(Fi). The dependence being established, we then quantify
this dependence between different layers and show that they present a hierarchical structure. We show this by
proving that the order between characteristics is more important in the first layers than in the last layers. We split
our resulting characteristics into three sets and compare the reconstruction error in the three sub-factorizations.
We prove that an explicit order exists in the construction process of the feature matrices.

The remaining of the paper is organized as follows. In section 2 we present some related works that treat the
deepness of multilayer NMF in their point of view. Section 3 is dedicated to the formal definition of NMF and its
derivatives. In section 4 we present our mathematical results concerning the existence of a mathematical function
linking the layers. We drop up our experimental analysis in section 5. Finally, in section 6, we conclude and give
some perspectives.

2 Related works

In [27] and its extended version [26], Hyun Ah Song and Soo Young proposed a hierarchical feature extraction
method to extract features on several stages by applying Multilayer NMF to a document data set. This yields to
a concept learning hierarchy after combining relationship of features. They also extended non-smooth NMF into
several layers for hierarchical learning. Experimentally this process showed a high performed reconstruction and
classification.

In [28], the authors proposed a deep semi NMF which is a deep framework factorization that optimizes semi
NMF factors with the aim of improvement of clustering performance. This approach is based on the learning of a
hierarchical structure of features. The learning process is spread on different layers according to different attributes
of data whose are automatically learned. The introduction of nonlinear functions between layers allowed extraction
of features for each of the latent features.

In [10], the authors viewed Multilayer NMF as a deep architecture containing all elements of a deep neural
network (pooling layer, activation function, backpropagation). According to the authors, this structure is able
to produce a hierarchical classification of most type of data (audio, text, images). Following their approach, the
hierarchy is ensured via the equivalence established between a standard deep neural network and what they named
”Deep NMF”.

Another approach, established by Le Roux, Hershey and Weninger in [17], investigates a model-based neural
network architecture-like to unfolding NMF iterations and untie its basis parameters, they used back propagation
for update rules and conclude that they infer a ”Deep NMF model” just by stacking this iterations of unfolding
NMF and consider them as a sequence of layers in a deep neural network-like architecture.

In our point of view, the preceding works are not convincing enough to proof the actual ”deepness” and hierarchy
of the layered structure. It is unreasonable to justify the existence of a hierarchy by the existence of stacked layers.
Rather, a deep hierarchical structure must be justified by the quality of the relationship linking those layers. To be
more explicit, the term ’deep’ was first associated to clustering and classification processes, Deep Neural Networks
(DNN) being the most popular approach. If we dive in the way hidden layers are constructed, for example for the
first hidden layer, we find out that each neuron is connected to a local receptive field built from the input data by
learning its weights and then the receptive fields are moved up iteratively until they cover all the input data. This
is what ensures the existence of deepness and hierarchy, since the inferior layers represents simple aspects of the
original data (for example, borders in the case of images) while superior layers represent more complex aspects of
data (e.g. patterns).

Our first motivation behind this work is to really prove hierarchy and deep structure of Multilayer NMF.
The innovative strategy we follow is to start by establishing a function that ensures the formal link between
different prototypes’ matrices. We accomplish this using Moore Penrose inverse since we don’t impose any reg-
ularity constraint on our matrices. After that, we construct an indexed ordered sequence of resulting proto-
types’ matrices, A = {F1, F2, ..., FL} and extract from it three recovering subsequences: A1 = {F1, F2, ..., FL/3},
A2 = {FL

3 +1, ..., F2L/3} and A3 = {F 2L
3 +1, ..., FL}. Say that A is a hierarchical structure turns to prove that the
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elements of A1 play a greater role in representing the original data, because they come first in the process of fac-
torization. This is done by comparing the error between different subsequences Ai, i ∈ ‘{1, 2, 3} and data matrix
X.

3 Multilayer Nonnegative Matrix Factorization

Besides the useful visualizations provided by the approach, NMF is mostly used to reduce the dimensionality of
the data. The main principle is to factorize the data matrix X ∈ Rd×N into two matrices: X = FG + E, where
F ∈ Rd×k

+ is the matrix of prototypes, G ∈ Rk×N
+ is the partition matrix (Cluster indicators) and E is the error of

approximation. The order of decomposition k is chosen in such way that (N + d)k << Nd, which makes NMF a
robust technique of dimensionality reduction.

Basically, NMF seeks to estimate F and G knowing only X. This is generally achieved by minimizing a cost
function D(X||FG) and setting all negative elements of F and G to 0 or some small ε > 0. Explicitly, the problem
can be formulated in the following way:

min
F∈Rd×k

+ ,G∈Rk×N
+

D(X||FG) (1)

Note that the estimation of the unknown matrices allows an unsupervised classification. The choice of the cost
function depends on the probability distribution of the estimated components and on the data structure. The most
used cost functions in the literature are the Frobenius norm:

DF (X||FG) =
1

2
‖X − FG‖2F

and Kullback-Leiber norm, also referred as I-divergence:

DKL(X||FG) = Xlog(
X

FG
)−X + FG

For more details about update rules associated to each of the above cost functions see [6].
The lack of convexity of the optimization problem (1) with respect to both F and G is an ill-conditioned problem

that enhance the risk of converging to local minima of D(X||FG). To alleviate this problem, Cichoki and Zdunek
developed in [7] a multilayer approach where, the basic matrix F is replaced by a set of cascaded (factor) matrices.
After obtaining prototypes and partition matrices F1 and G1 from initial data matrix X, they decompose again the
resulting partition matrix F1 via standard NMF to new prototypes and partition matrices F2 and G2. Multilayer
NMF consists of repeating this process as many times as the defined number of wanted layers. Thus the model can
be described as:

X = F1F2...FLGL + E

where E is the error of approximation.
From now on and to simplify the writing we will neglect the error of approximation E in the equations below. In
the first step, we perform the standard NMF decomposition:

X ∼= F1G1 ∈ Rd×N

In the second step, the results obtained from the first step are used as a new input data to NMF algorithm:

X ← G1

we perform a similar factorization :
G1
∼= F2G2 ∈ Rk×N

After L steps (L is defined by the user), the multilayer NMF decomposition has the form:

X ∼= F1F2...FLGL

With F = F1F2...FL and G = GL.

In the next section, we present our mathematical result that explicit the relation between learned factors, we
find the function f that links different Fi, says Fi+1 = f(Fi).
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4 Existence of hierarchy between layers

The basis notions of NMF and its related derivatives being given, we infer the mathematical function that expresses
each layer matrix in terms of the preceding layer matrix, this ensures that the matrices are indeed related math-
ematically. In order to find the dependence function f let us write for instance the two first lines of Multilayer
NMF:

X ∼= F1G1 (2)

G1
∼= F2G2 (3)

By injecting the second equation into the first one we obtain

X ∼= F1(F2G2)

Thus, to find the function f we should extract F2 in terms of F1. Since we don’t have any information about the
classical invertibility of the matrices (not necessarily square and even then non-singular) we will use the generalized
inverse (or pseudoinverse) especially the Moore-Penrose inverse to get F2 = f(F1).
Let us give a brief definition of what Moor-Penrose inverse is.

4.1 Moore-Penrose inverse

The advantage of the generalized inverse is that it covers a wide spectrum of matrices, even singular or rectangular
and it fits with the classical inverse if the matrix is non-singular. An important illustration of the generalized inverse
that we exploit in our work is that it allows the solvability of linear systems of the form Ax = b for any matrix A
and any vectors x, b.
Definition. In 1955 Penrose showed that for any arbitrary matrix A there is a unique matrix X (called generalized
inverse of A and often noted A†) satisfying the four equations

AXA = A

XAX = X

(AX)∗ = AX

(XA)∗ = XA

Because this unique generalized inverse was defined separately by Penrose (in a different manner) this general-
ized inverse is called Moore-Penrose inverse. An important task when manipulating generalized inverses is to find
explicitly the expression of A†. A particular case where we can find an explicit formulation of A† is when A of rank
r has a full rank factorization A = FG, we then have:

1. A† = G∗(F ∗AG∗)−1F ∗

2. F † = (FTF )−1FT

From this last property, if A ∈ Rm×n of full row rank m, A = ImA is a full rank factorization of A. Then

A† = AT (AAT )−1

In our case and with the purpose to be more general and englobe all types of matrices we suppose that the matrix
in question does not satisfy any type of regularity from the ones mentioned above.
Now let’s exploit this to find the features matrices dependance function.
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4.2 Features matrices dependence function

Coming back to equation (2) and put X = B, F1 = D and G1 = C, equation (2) is then equivalent to B = DC and
resolving the problem of finding f such that F2 = f(F1) comes to find a way to take D to the left side.

We start by considering the system Ax = b, we express x in terms of A and b and then we will be able to find
a general formula that express C in terms of B and D by applying the formula obtained from the linear system to
columns of B. Note that a solution of (2) should be understood in the last squares sense. Following [1], we have:

x = A†b+ (I −A†A)y (4)

y an arbitrary vector, where the particular solution A†b is the least squares solution LSS that has Minimal Euclidean
Norm (abbreviated MNLSS).

Our equation is about the system:
B = DC (5)

where X,B are matrices with same number of columns. For each column of B we apply (4) and conclude that the
general solution of (5) is:

C = D†B + (I −D†D)Y (6)

or
D = BC† + (I − CC†)Y (7)

Y an arbitrary matrix. Here again the particular solutions D†B and BC† are MNLSS for the appropriate matrix
norm.

The equations of a multilayer NMF obtained at steps i− 1 and i respectively are:

Gi−1 ∼= FiGi (8)

Gi
∼= Fi+1Gi+1 (9)

We start by injecting equation (9) in equation (8):

Gi−1 ∼= FiFi+1Gi+1

we then apply (7) to obtain:

FiFi+1
∼= Gi−1G

†
i+1 + (I −Gi+1G

†
i+1)Y1

Y1 an arbitrary matrix.
By reapplying (6) and injecting equation (9) on this last equation we finally obtain:

Fi+1
∼= F †i

(
FiGiG

†
i+1 + (I −Gi+1G

†
i+1)Y1

)
+ (I − F †i Fi)Y2

Y2 an arbitrary matrix.
This is to conclude that in fact each learned factor can be expressed in terms of the preceding one, that it

depends strongly on the preceding learned factor through all layers of Multilayer NMF, in the next section we check
experimentally that the order of Fi matters in the reconstruction layers of our input data.
In the next section we analyze experimentally the proved deepness between multilayer NMF layers, we do this by
perturbing the order of features matrices and see if this affects the reconstruction.

5 Experimental Validation of the Hierarchical Dependence

Hierarchical ordered data structures and hierarchical feature learning show which extracted features develop at each
step of a stacked process at each step, Multilayer Nonnegative Matrix Factorization (NMF) in our case, and how
the aggregation of lower features leads to the construction of higher layer features.

To measure and gauge an eventual existing hierarchy between different layers of Multilayer NMF, and following
our intuition that says the more representative and paramount layers (in the sense of similarity with entry data
matrix’ characteristics) are the first resulting matrices, i.e. that an order applies along and across the whole layers,
we partitioned our resulting L layers on 3 sets, permutate alternatively matrices of each set and measure the error
between the product of the permutated matrices and the initial data matrix, we found that the error in the first set
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is more important than in the second set which is superior than the error in the last set, that is the first resulting
matrices are closer to the data.

The first set consists of the first third of the Fis, say A1 = {F1, F2, ..., FL/3} the second set is constituted from the
second third A2 = {FL

3 +1, ..., F2L/3} and the third of the last third of the resulting matrices A3 = {F 2L
3 +1, ..., FL}.

To show that Multilayer NMF leads to a hierarchical structure not because of the existence of multiple layers,
but due to an order established implicitly between them, a hefty task was to find a way to explicit this hierarchy
and prove effectively that this order follows a dynamic through the L layers. To this end, we acted on the order
of the layers of each of the previously defined set. Our intuition is the following: unlike Deep Neural Networks,
Multilayer NMF generates features in a decreasing order in the terms of representability of the original data. So, to
visualize this, we disrupt the order of Gis by permutating them. This implies an increasing shift in the difference
between the original data matrix and the product of the permutated partitioned features matrices (this difference is
called reconstruction error), when the percentage of permuted layers increases. The expression of this error is given
for each of the three sets, respectively by: ‖X − permuti(F1, F2, ..., FL/3)‖2, ‖X − permuti(FL

3 +1, .., F2L/3)‖2, and

‖X − permuti(F 2L
3 +1, .., FL)‖2, with i ∈ {5%, 10%, 15%, 20%}.

This experimental protocol has been applied on 100 set of 1000 artificial data generated from three Gaussian
distribution in ten dimensions. For each dataset, we trained a 100-layer NMF, before applying the permutation
protocol. Figure 1 shows the difference between X and a random permutation of respectively 5%, 10%, 15% and
20% of the L/3 first layers in A1, A2 and A3, respectively. From the figure, we can see that perturbations in the first
third of prototype matrices give rise to an error of 10, this drastically decreases to 0.20 when we act on permutating
in the second third, and ends by being an error of 0.08 when we perturb the order of the last third of our prototype’
matrices.

Fig. 1: Reconstruction error after the permutations in the first, second and last third of prototypes’ matrices.

To visualize the relative importance of layers order in the hierarchy, we tested the impact of perturbations on
a set of images (Figure 2). Each image is described as a matrix representing the gray levels. The matrix were
decomposed with a Multilayer NMF with 50 layers, then reconstructed via the product of the features matrices. A
random permutation of a pair of features matrix in the decomposition leads to an increase of the reconstruction
error, as seen in the figure. In accordance to the results presented above, perturbations in the first layers of the
decomposition have a higher effect than perturbations in the intermediate layers and a much higher effect than
perturbations in the last layers.

The main conclusions we can infer from the obtained results are the following:

– The more we perturb the matrices’ order the more the error increases.
– As the number of permuted layers increases, the effect of the perturbations is more and more important.
– The perturbations on the first third of matrices have an extra effect compared to perturbations on the two other

thirds.

To summarize, the first ordered feature matrices resulting from the Multilayer NMF are the closest to the
data characteristics. Since under perturbations of the order of the stacked matrices, those characteristics become
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less related to our original data, we can see in the first L/3 layers that the error is huge compared to the others
partitions. This is explained by the existence of an implicit hierarchy imbedded in the Multilayer NMF, allowing a
deep learning framework for this type of approaches.

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

(k) (l) (m) (n) (o)

Fig. 2: Visualization of the reconstruction error without and with perturbation of the layers order. The first column
((a), (f) and (k)) shows the original images, the second ((b), (g) , (l)) is the image reconstructed from a Multi-layer
NMF. The last three columns present the reconstructed image obtained after perturbations on the first third of the
layers ((c), (h), (m)), the second third ((d), (i), (n)) and the last ((e), (j), (o)).

6 Conclusion and perspectives

In this paper, we study the dependence between features matrices obtained via Multilayer Nonnegative Matrix
Factorization. We proofed the dependence function linking those matrices. We also investigated the existence of a
hierarchical structure by permutating the order of the layers independently on features matrices at three different
level in the layers. We showed that permutations of feature matrices in the first third of the layers induce a more
important error than permutations of feature matrices of the last third of the layers. This means that there exists
a real hierarchy between the layers and that it is justified to use deep learning processes on Multilayer Nonnegative
Matrix Factorizations.

An important theoretical study of Multilayer NMF that we envisage to accomplish in the future is to determine
the optimal number of layers, that is at which level of decomposition from the basis matrices should we stop the
process? It is also worth noting that this study could be generalized to tensor factorization.
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Abstract. Although the incubation effect in memory retrieval through mind wandering (MW) is thought to be
an interesting side effect, the mechanism that produces the effect remains to be elucidated. On the other hand,
recently, it has been reported thought that MW occurs in a transient state of a balanced activation between the
default mode network (DMN) and task-positive networks (TPNs). Also, DMN includes cortical regions related
to memory function. To clarify the mechanism of incubation, we constructed a neural network model including
DMN that improves task performance of associative memory after MW. The recurrent divergence in DMN
connections generates distributed spikes reflecting daydreaming thoughts when DMN is strongly activated.
If DMN is moderately controlled, however, under the task-relevant constraints from TPNs, the explorative
signals evoked synaptic potentiation between unfamiliar clusters which had been weakly connected. This result
suggests that moderate task-relevance interactions between DMN and TPNs may improve performance of
memory retrieval.

Keywords: mind wandering · incubation · default mode network · associative memory.

1 Introduction

Incubation effect has been referred to as improvement in creative problem solving, as you come up with a solution
that could not be reached. For instance, you may have an ”Aha” moment while taking a bath or cooking. Incubation
in problem-solving is thought to be a positive effect in mind wandering (MW), that evokes exploratory thoughts
unrelated to the current task. Baird et al. proposed that the MW involving a behavioral task with a moderate
effort improved performance in a subsequent task, the Unusual Uses Tasks (UUTs) in which require participants to
generate as many unusual uses as possible for a common object [1]. On the other hand, the MW involving a highly
demanding task or a break (no MW) did not induce an improvement of task performance as the MW with moderate
task effort. However, the neural mechanisms that improve UUT performance when MW is inserted between the
tasks are not well understood yet.

On the other hand, it has been reported that the MW is clearly correlated with the activated default mode
network (DMN) in experiments using functional magnetic resonance imaging (fMRI) [2][3]. The DMN generally
activates at participants’ rest than their engagement in a task. During concentration on a task, the activity of DMN
is reduced, whereas other task-positive networks (TPNs) which are specific to the task are activated.

Recently, dynamical transitions of activities between DMN and TPNs in the brain have been reported [4][5][6].
Interestingly, the network transition between DMN and TPNs seems to correspond to mental states [5][6]. The task-
related and goal-oriented thoughts are dominant while TPNs are activated. Without concentration on the task, the
activation of DMN increases. For example, delusional thoughts are correlated with DMN core regions, i.e. posterior
cingulate cortex (PCC) and medial prefrontal cortex (mPFC), whereas the creative thoughts are correlated with
DMN sub region, medial temporal lobe (MTL). MTL includes the hippocampus that is closely related to memory
function, and it may also contribute to creative ideas [7]. Therefore, it can be thought that the activation of MTL
in DMN leads to incubation in problem-solving in memory function such as UUT. Assuming that the balance of
activation between DMN and TPNs affects the performance on UUT, the activated MTL during DMN probably
contributes to the incubation.

To clarify the mechanism of network transitions between DMN and TPNs, MW and incubation, synthetic
research by constructing computational models should be important because the target large-scale neural system is
too complicated for experiments. As regards the transition of large-scale brain activity including DMN and TPNs,
multistability by Hopfield model attractors [8] and dynamic transitions based on extended hidden Markov Model
[9] were proposed. In addition, the neural activity through interactions between DMN and salience network was
explained by oscillator model [10]. However, few mathematical models have been proposed to explain the relation
between the transition of networks and memory functions such as MW. Although a theoretical concept model that
discusses creative thoughts by explicit-implicit interactions was suggested [11], it is still abstract to approach the
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mechanism. The purpose of this research is to simulate the incubation effects in problem-solving by structuring a
neural network model including DMN and associative memory to clarify whether our hypothesis described in the
previous paragraph can actually work as a neural mechanism.

2 A Neural Network Model

2.1 Neuron Model

To realize neural dynamics in a simple manner, we adopted the Izhikevich neuron model [12]. The membrane poten-
tial vi and the membrane recovery variable ui of i neuron follow a two-dimensional system of ordinary differential
equations as follows:

dvi
dt

= 0.04v2i + 5vi + 140–ui + I, (1)

dui

dt
= a(bvi − ui). (2)

When vi ≥ 30 mV, vi is reset to c and ui ← ui + d. Here, a, b, c and d are dimensionless parameters which depend
on whether the i neuron is an excitatory or inhibitory neuron. An excitatory neuron is expressed as a = 0.02,
b = 0.2, c = −65.0, and d = 8 (regular spiking neuron), while an inhibitory neuron is expressed as a = 0.1, b = 0.2,
c = −65.0, and d = 2 (fast spiking neuron). Synaptic currents or injected de-currents are supplied via the variable
I, and t is the time. When t = 0, vi = -60 mV and ui = 0.0.

2.2 Network Structure

As shown in Fig.1, our model consisted of 4 layers: DMNCORE, DMNMTL, Associative memory (AM), and Cue
layer. DMN was driven by task-relevant signals from TPNs (i.e. task-relevant constraints) reflecting the dynamic
state transition of neural network. We assumed that the stronger task-relevant constraints are, the denser the input
signals are. Owing to the recurrent divergence in DMN connections, distributed spike patterns reflecting divergent
thoughts through DMN are expected. On the other hand, memory recall will be generated by the enhancement in
AM layer driven by the inputs from neurons in Cue layer. We assume that MTL also affects this memory system.
The details of them are explained below.

We adopted two layers, DMNCORE and DMNMTL in DMN with divergent and recurrent connections to imple-
ment divergent thoughts. For simplicity, each layer was assumed to be composed of five clusters recalling memories
related to a task, and each cluster consisted of 100 neurons. Within the cluster, the rate of synaptic connections
was assumed to be 12% in the computer simulations. The connections from DMNMTL to DMNCORE had 13% diver-
gent recurrent connections and various delays (0.2–20 ms) for every cluster, which will generate more unexpected
thoughts. Whereas, the synaptic projections from DMNCORE layer to DMNMTL layer were almost one-to-one (60%
project to target clusters, the rests were to the other clusters with half synaptic weights), which will promote
task-relevant association and result in stable transmission.

The AM layer was assumed to contain 500 neurons, five clusters (each cluster had 100 neurons), and 80% were
excitatory and the rest were inhibitory neurons. Within the cluster, the rate of synaptic connections was assumed
to be 15%. Also, within AM layer, there were mutual excitatory and inhibitory connections between clusters. Each
cluster represents the concept of usage of an object, which corresponds to a potential answer in UUT. Because
the MTL including the hippocampus contributes to free association by eliciting episodic memories [7], they had
one-to-one synaptic connections (100% project to target clusters) with DMNMTL layer.

The Cue layer corresponded to a question of UUT, providing a cue to the memories in AM layer. One cluster
included 100 neurons, and 80% were excitatory and the rest were inhibitory neurons. Within the cluster, the rate of
synaptic connections was assumed to be 12%. The cue information was transferred to the AM layer. The synaptic
weights from the cue layer were assumed to be different from every cluster, because the degree of connectivity
depended on the relevance to the cue. The larger the synaptic weight is, the easier to be recalled. However, for
simplicity, the Cue layer contained only one cluster because all cues were assumed to be the same in the computer
simulations.

2.3 Methods of Computer Simulations

The simulations consisted of three phases as follows: (p-1) 1st UUT phase, (p-2) MW phase, and (p-3) 2nd UUT
phase. In each phase, the simulation conditions are explained below.
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Fig. 1. Network structure. The filled circles and the triangles indicate excitatory and inhibitory neurons, respectively.
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During (p-1) 1st UUT phase, the Poisson trains with mean ISI = 5 ms were provided to the Cue layer for T =
1000 ms. This inputs mean the cue signals for the UUT. Although task-relevant constraints may be some during
UUT, it was assumed that the input was limited to the Cue layer without task-relevant constraints for simplicity.

During (p-2) MW phase (T = 4000 ms), there was no input to the Cue layer because UUT is not performed.
Background noises of Poisson trains with mean ISI = 5 ms were provided to the DMN. In addition, the type of
the task-relevant constraints provided to the DMNCORE layer was one of the following 3 conditions: (c-1) dense,
(c-2) moderate and (c-3) sparse task relevance. The number of input clusters and the mean ISI were different for
each condition (Table.1). On the other hand, during MW phase, the synaptic weights of excitatory neurons between

Table 1. Three conditions for task-relevant constraints.

Task relevance Number of target clusters in DMN Mean ISI of inputs (ms)

(c-1) Dense 1 1

2 2
(c-2) Moderate 3 3

4 4

(c-3) Sparse 5 5

clusters in AM layer were learned by Spike-timing Dependent Synaptic Plasticity (STDP) [13]. Let tpre and tpost be
pre- and post-synaptic spike time, respectively, and ∆t ≡ tpre − tpost. The change of the synaptic weight by STDP
is represented as follows [14]:

∆w =


20 exp

(
∆t
τ+

)
(∆t < 0)

−20 exp
(

−∆t
τ−

)
(∆t > 0),

(3)

where the time constants τ+ and τ− are both 100. When spikes were delivered from DMNMTL layer to AM layer,
the synaptic connections between clusters in AM layer were usually potentiated or depressed.

During (p-3) 2nd UUT phase, we provided the same input for T = 1000 ms as during (p-1) 1st UUT phase to
Cue layer, and observed the difference between them.

3 Results

Fig. 2 shows the raster plots of the AM layer (neuron number 1001–1500) when the cue was given to the Cue layer
during 1st UUT phase. The cluster 1” has the largest synaptic projections from the Cue layer. The more cluster
number is, the less synaptic weights from Cue layer are. Only the cluster 1” and 2” showed spikes because they
receive inputs from the cue through large projections. This result can be interpreted that the memories to be easily
recalled were recalled.

The simulation results in which the task-relevant constraints are one of three conditions, (c-1) dense, (c-2)
moderate or (c-3) sparse, are shown below.

3.1 Dense task-relevance

Fig. 3 shows the raster plots of the DMNCORE (neuron number 1–500), DMNMTL (neuron number 501–1000) and
AM layer (neuron number 1001–1500) when task-relevant constraints driving DMNCORE are dense. The cluster 1
receiving the dense input and the cluster 1’ connected with them strongly showed synchronous spikes. The other
clusters in DMN rarely fired. With regard to AM layer, the cluster connecting with the cluster 1’ showed frequent
spikes, whereas the other clusters rarely fired. This result can be interpreted that the clusters which are directly
related to the task are only activated frequently.

Also, during MW phase, even if STDP is introduced to the synaptic weights of excitatory neurons between
clusters in AM layer, the synaptic weights are not newly learned. This result shows that the interactions between
memories did not occur.

After this MW phase, we provided the same input as during 1st UUT phase to the Cue layer. As a result, the
raster plots in AM layer were similar to those in Fig.2.
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Fig. 2. Raster plots in AM layer during 1st UUT phase.

Fig. 3. Raster plots in DMN and AM layer during MW.
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3.2 Moderate task-relevance

Fig. 4 shows the raster plots of the DMNCORE (neuron number 1–500), DMNMTL (neuron number 501–1000) and
AM layer (neuron number 1001–1500) when task-relevant constraints driving DMNCORE are moderate. The clusters
1–2, 1–3 or 1–4 receiving the moderate input and the clusters 1’–2’, 1’–3’ or 1’–4’ connected with them strongly
showed synchronous spikes. And then the spikes were propagated to other clusters (clusters 3–5, 4–5 or 5) and
clusters 3’–5’, 4’–5’ or 5’. Consequently, almost all clusters in AM layer showed synchronous spikes. This result
suggests that the stored memories can be recalled by means of DMN activities even if the memory clusters do not
receive direct cue signals.

Fig. 4. Raster plots in DMN and AM layer during MW. The input to DMN is limited to cluster 1 to 3 in DMNCORE (top),
cluster 1 to 2 in DMNCORE (bottom, left), and clusters 1 to 4 in DMNCORE (bottom, right).

During the MW phase, almost all the weights of excitatory connections between clusters in AM layer changed,
because of the effect of STDP. Fig.5 shows the temporal change of the sum of the weights of excitatory connections
from cluster 3” to clusters 1”–5” when task-relevant constraints were input to target clusters 1–3. These results
indicate that the divergent and explorative signal propagation, driven by the DMN activation, induced short-term
synaptic potentiation between memory clusters in AM layer.

After this MW phase, the same input as 1st UUT phase was input to the Cue layer. Fig. 6 shows the raster plots
in the AM layer (neuron index 1001–1500) at that time. The clusters 3”–5” which was not activated during 1st
UUT phase fired due to the action propagation from the clusters 1” and 2”. This result implies that MW enables
the memory system to recall items that were not recalled before MW, that can be interpreted as an incubation
effect.
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Fig. 5. Synaptic weights in AM layer during MW in the Moderate condition.

Fig. 6. Raster plots in AM layer during 2nd UUT. The input to DMN is limited to cluster 1 to 3 in DMNCORE (top), cluster
1 to 2 in DMNCORE (bottom, left), and clusters 1 to 4 in DMNCORE (bottom, right).
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3.3 Sparse task-relevance

Fig. 7 shows the raster plots of the DMNCORE (neuron number 1–500), DMNMTL (neuron number 501–1000) and
AM layer (neuron number 1001–1500) when task-relevant constraints which drive DMNCORE are sparse. The clusters
1–5 did not fire synchronously but showed distributed and sparse spikes. Thus, the spikes were rarely propagated
to the clusters 1’–5’ and 1”–5”. The propagation from DMNCORE to DMNMTL divergently spread, whereas the
activations in DMNMTL rarely increased because both the feedbacks and task-relevant inputs to DMNCORE are
sparse.

Fig. 7. Raster plots in DMN and AM layer during MW.

The synaptic weights in AM layer were not learned during MW phase, because the clusters in AM layer rarely
fired. Therefore, as a result of 2nd UUT phase, the raster plots in AM layer were similar to those in Fig.2.

Fig.8 shows the number of fires in each cluster in AM layer during 1st and 2nd UUT phases. In the case of
moderate task-relevant constraints, the clusters that did not fire during 1st UUT were activated during 2nd UUT.
On the other hand, in the dense and sparse task-relevant constraints, the same clusters similarly fired between
1st UUT and 2nd UUT. The fires in 2nd UUT phase depend on the number of target clusters in DMN (table 1).
These results suggest that the memories which were not recalled during 1st UUT can be recalled during 2nd UUT
due to the appropriate activity level of DMN during MW phase. This can be interpreted as incubation effect in
problem-solving.

4 Discussion

We produced an incubation effect through MW in computer simulations by structuring the neural network model,
in which associative memories are modified by the DMN with exploratory thoughts through divergent connections.
The results suggest that the incubation is an increase of performance in memory task due to the divergent thoughts
driven by the activity transitions between DMN and TPNs. This suggestion agrees with the experimental reports
that the performance depends on the degree of MW or concentration on a task, that must reflect the trade-off
relationship between DMN and TPNs [5].

The moderate task-relevant constraints induced the exploration through the recurrent divergence in DMN con-
nections. The short-term synaptic potentiation evoked incubation effect that memory exploratory capacity improves.
In the case of the dense task-relevant constraints, the selected clusters showed synchronous spikes because there
are only a few effects of the recurrent divergence in DMN connections. Therefore, the activations in AM layer were
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1st UUT

2nd UUT

1 2 3 4 5

Fig. 8. Firing rate of each cluster in AM layer in 1st UUT phase and in 2nd UUT phase for different number of input(s).

limited. On the other hand, under the less controlled condition, divergent activations in DMN occurred. This may
be correspondent to daydreaming when events are irregularly.

The direct reason why the DMN activation is suppressed under the sparse condition is because DMNCORE

neurons did not receive enough inputs to evoke a cluster. When a cluster activity is evoked with enough synaptic
inputs, synchronous spikes occur and they will be easily transmitted to the other layer. We designed such double
thresholds for a neuron and a cluster using a dynamical model to realize distributed spikes of individual neurons
and synchrony by a cluster. If simple integrate-and-fire models were used, bursts for a long period instead of a
transient synchrony would be observed. The dynamics in neurons and clusters underlie the spike patterns in the
computer simulations.

Although we have proposed a basic neural framework for the incubation function, more computer simulations
and analyses and needed for the details of conditions for the incubation effect, for example, the task-relevant
constraints. Furthermore, the construction of an integrated system of TPNs, DMN, and related networks with
transition dynamics is one of our future problems.
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Abstract. Neural networks (NNs) have achieved excellent performance in many industrial tasks, but their
interpretability is still a major challenge and difficulty, in which the generalization ability of NNs is a subject
to be completely studied. Inspired by ensemble learning, this paper proposes a new evaluation indicator called
diversity to evaluate the generalization ability of NNs, that is, each hidden unit plays two roles in Neural
Networks: the unit could be treated as an “ensemble” learner that integrates features extracted from the
preceding layer, meanwhile, it is treated as a base learner for the learners in the next layer. We derive a diversity-
based generalization bound for NNs and prove that network diversity is crucial for reducing generalization
error. We experimentally verified the proposed evaluation indicator on two well-known datasets, i.e. CIFAR
and MNIST, and the experimental results sufficiently verified the theory we proposed.

Keywords: Neural Networks · Generalization Performance · Diversity.

1 Introduction

As we all know, Neural Networks (NNs) have achieved excellent success in many complex tasks, such as image
classification, machine translation, language modeling and speech recognition, etc. Despite its powerful learning
ability, we know little about why Neural Network models work so well from a theoretical perspective.

Many theoretical pieces of research have been made to analyze the representation power of the Neural Network-
s [12, 4, 22]. It is proved that Neural Network with massive parameters is very powerful and has the potential to
learn complicated relationships of data distribution [5, 13, 25]. However, because of the high non-convexity of the
model and unknown distribution of data the expressive power, Neural Network can not guarantee the generaliza-
tion of NNs completely. To achieve a minimization for the non-convex objective function,several studies focused
on the convergence of optimization algorithms [23, 16] and derived the generalization error bounds [7, 11] by using
stability [14, 3, 21]. Neyshabur et al. [18] introduced Path-SGD to train the model, which is invariant to rescaling
of weights, and achieved better generalization performance.

Moreover, there still exist some problems: Why do models trained on the same training data have different
generalization performance? What ensures the generalization of neural networks? What is the relationship between
the parameters and the generalization of the models?

To answer those questions, statistical learning theory has proposed a number of different complexity measures
that are capable of controlling generalization error [2, 6, 19]. Bartlett et al. [1] utilized spectrally-normalized margin
bounds to study generalization. Keskar et al. [8] adopted sharpness as a tool to denote the robustness of the training
error to perturbations in the parameters. Behnam Neyshabur et al. [17] combined above-mentioned measures and
showed that the combination of expected norm and sharpness indeed captured the difference in the generalization of
the models trained on true or random labels. However, they did not consider much about the relationship between
parameter distribution and generalization performance.

In this paper, we analyze the generalization of NNs from the perspective of parameter distribution. Inspired by
the diversity of ensemble learning [20, 24, 9], we derive a diversity-based generalization error bounds of NNs and
analyze how model parameters affect the bounds. Ensemble learning uses multiple base learners to obtain better
predictive performance that could be obtained from any of the constituent individual learners alone. Analogously,
each hidden unit plays two roles in Neural Networks: the unit could be treated as an “ensemble” learner that
integrates features extracted from the preceding layer, meanwhile, it is treated as a base learner for the learners in
the next layer.

We define the diversity in NNs. Then basing on the diversity, we drive the generalization bounds of NNs
which show that increasing diversity leads to reduced generalization error. It is consistent with our intuition that
constructing diverse hidden units may decrease the amount of redundancy in a neural network and lead to better
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performance. We have conducted experiments on CIFAR and MNIST datasets to verify our theoretical findings.
The experimental results are consistent with our theory.

Our main contributions can be summarized as follows:

– Inspired by ensemble learning, we define a new evaluation indicator called diversity to evaluate the generalization
ability of NNs; we derive a diversity-based generalization bound for NNs; we prove that diversity is crucial for
reducing generalization error.

– We experimentally verified the proposed evaluation indicator on two well-known datasets, i.e. CIFAR and
MNIST, and the experimental results sufficiently verified the theory we proposed.

2 Generalization Analysis of Neural Networks

In this section, we prove the effect of diversity on the generalization performance of NNs. First, we define the
diversity of neural networks(Section 2.1) and introduce the generalization error in NNs (Section 2.2). Then, we
derive the generalization bounds via diversity and prove that diversity is an important factor in determining NNs’
performance (Section 2.3).

2.1 Neural Networks

Neural networks (NNs) are in a chain structure, in which each layer being a function of the layers preceding it.
Let o(d) and a(d) denote the output value and activation value of Neural units in layer d whose input is the
activations of the preceding layer.

a(1) = g(1)(o(1)) = g(1)(W (1)⊤x) (1)

a(d) = g(d)(o(d)) = g(d)(W (d)⊤a(d−1)) (2)

where x is the input of the model. W (d) ∈ Rn(d−1)×n(d)

is the weight matrix connecting layer (d − 1) and layer d;
n(d−1) is the number of hidden units in layer (d− 1).

In ensemble learning, how to learn diverse and useful features is a key problem. Similarly, we characterize the
performance of the hidden layer by considering error and diversity. Error measures the ability to the hidden units
learning useful features. Diversity considers the uncorrelation among hidden units and takes the “important” score
of different units which is regarded as equality into account. In biological diversity [10], equality measures how
equally important different species are in maintaining the ecological balance within an ecosystem, and if no species
dominates another, the ecosystem is deemed as more diverse. Likewise, if the NNs are biased towards a specific unit
and discards the other units, the diversity of the model is the least.

Each unit is treated as a random variable. For an estimation f(θ̂), ô and â denote the output and activation

value over the model f(θ̂). The error and diversity are defined as follow:

Definition 1. Supposed that there are d hidden layers in the NN, the error of layer d is

err(â(d)) =
n(d)∑
i=1

ŵ
(d+1)
i∑n(d)

k=1 ŵ
(d+1)
k

(
n(d)∑
k=1

ŵ
(d+1)
k â

(d)
i − o∗(d+1))2 (3)

where o∗(d+1) is the output of the expected estimation f(θ∗),

o∗(d+1) = W ∗(d+1)⊤g(d)(a∗(d)).

Definition 2. The diversity of layer d is

div(â(d)) =

n(d)∑
i=1

ŵ
(d+1)
i∑n(d)

k=1 ŵ
(d+1)
k

(

n(d)∑
k=1

ŵ
(d+1)
k â

(d)
i − ô(d+1))2 (4)

err(â(d)) is a weighted sum of the errors caused by different units in the last hidden layer. If all units learn the
correct representations close to the output of the expected estimation, err(â(d)) will tend to zero. The diversity
div(â(d)) is a weighted sum of the squared deviation of the activation value, where the deviation of unit i is measured

by (
∑n(d)

k=1 ŵ
(d+1)
k â

(d)
i − ô(d+1))2 and its important score is the normalized weight

ŵ
(d+1)
i∑n(d)

k=1 ŵ
(d+1)
k

.
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2.2 Generalization Error

Given a training set T = {(x1, y1), (x2, y2), ...} which are i.i.d. sampled from X × Y according to an unknown
distribution P. Our goal is to learn a model mapping an input to an output. Generalization error is a measure of
how accurately the model is able to predict outcomes for unseen data (x, y) ∈ X × Y [15],

err = E[L(f(x), y)]1, (5)

where L is the loss function.
In neural network, let Θ denote the parametric family of the NN, where θ∗=argmin

θ∈Θ
E[L(f(x; θ), y)] is the

expected estimation over the parametric family. Recent work [11] utilized approximation error to measure the
difference between the expected estimation and the true label,

errapp(θ
∗) := E∥f(x; θ∗)− y∥. (6)

Given the parameters, θ̂ ∈ Θ, estimation error is adopted as a measure of the accuracy of θ̂ [11]:

errest(θ̂) := E∥f(x; θ̂)− f(x; θ∗)∥. (7)

The generalization error could be represented as follow:

errG = E∥f(x; θ̂)− y∥
≤ errest(θ̂) + errapp(θ

∗). (8)

2.3 Generalization Error Bounds of NNs

In this section, we prove the effect of diversity on generalization performance of the NNs. First, we derive the
diversity-based generalization error bound for NNs with one hidden layer (Theorem 1). Then we study neural
networks with multiple hidden layers that cover deep NNs.(Theorem 2).

Theorem 1. Suppose that there is one hidden layer in NN. The generalization error is

errG = E|f(x; θ̂)− y|
≤ errest(θ̂) + errapp(θ

∗)

= E|ε|[err(â(1))− div(â(1))]
1
2 + errapp(θ

∗) (9)

where err(â(1)), div(â(1)) denotes the error and diversity, respectively, in the hidden layer, ε = ∇o(2)g
(2)(ξ). ξ ∈

(min{ô(2), o∗(2)},max{ô(2), o∗(2)}).
Proof.

errG = E|f(x; θ̂)− y|
≤ E|f(x; θ̂)− f(x; θ∗)|+ E|f(x; θ∗)− y| (10)

E|f(x; θ̂)− f(x; θ∗)|2

= E(∇o(2)g
(2)(ξ)(ô(2) − o∗(2)))2 (11)

(ô(2) − o∗(2))2

=

n(1)∑
i=1

ŵ
(2)
i∑n(1)

k=1 ŵ
(2)
k

(o∗(2))2 − 2

n(1)∑
i=1

ŵ
(2)
i â

(1)
i o∗(2)

+2

n(1)∑
i=1

ŵ
(2)
i â

(1)
i ô(2) −

n(1)∑
i=1

ŵi∑n(1)

k=1 ŵ
(2)
k

(ô(2))2

=
n(1)∑
i=1

ŵ
(2)
i∑n(1)

k=1 ŵ
(2)
k

(
n(1)∑
k=1

ŵ
(2)
k â

(1)
i − o∗(2))2

−
n(1)∑
i=1

ŵ
(2)
i∑n(1)

k=1 ŵ
(2)
k

(
n(1)∑
k=1

ŵ
(2)
k â

(1)
i − ô(2))2

= err(â(1))− div(â(1)) (12)

1 We note that the expectation E[·] is computed based on the distribution P.
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Thus,

errG = E|f(x; θ̂)− y|
≤ E|ε|[err(â(1))− div(â(1))]

1
2 + errapp(θ

∗) (13)

Theorem 1 implies that increasing the diversity div(â(1)) while maintaining the hidden layer’s error err(â(1)),
can reduce generalization error. Reinforcing the diversity among hidden units could help the units learn effective
representations and produce better generalization behavior.

Theorem 2. Suppose that there are d hidden layers in the NN, the generalization error of the NN is,

errG ≤ E|ε|[err(â(d))− div(â(d))]
1
2 + errapt(θ

∗) (14)

= E|ε|[
∑n(d)

j=1 w̃
(d)
j [errj(â

(d−1))− divj(â
(d−1))]− div(â(d))]

1
2 + errapp(θ

∗) (15)

where
w̃(d) = (w̃

(d)
1 , w̃

(d)
2 , ..., w̃

(d)

n(d))

and

w̃
(d)
j = ∇

o
(d)
j

g(d)(ξ(d))ŵ
(d+1)
j

n(d)∑
k=1

ŵ
(d+1)
k .

Proof. According to Theorem 2.1, we have

E(errest(f̂))2

= E(∇o(d+1)g(d+1)(ξ)(ô(d+1) − o
∗(d+1)
FM

))2 (16)

(ô(d+1) − o∗(d+1))2

= err(â(d))− div(â(d)) (17)

Next, we decompose the error in layer (d) into the two components, i.e.,

err(â(d))

=
n(d)∑
j=1

ŵ
(d+1)
j∑n(d)

k=1 ŵ
(d+1)
k

(
n(d)∑
k=1

ŵ
(d+1)
k â

(d)
j − o∗(d+1))2

=
n(d)∑
j=1

ŵ
(d+1)
j

n(d)∑
k=1

ŵ
(d+1)
k

n(d−1)∑
i=1

(ε
(d)
j )2

ŵ
(d)
ij∑n(d−1)

h=1 ŵ
(d)
hj

((
n(d−1)∑
h=1

ŵ
(d)
hj â

(d−1)
i − o

∗(d)
j )2

−(
n(d−1)∑
h=1

ŵ
(d)
hj â

(d−1)
i − ô

(d)
j )2)

=
n(d)∑
j=1

w̃
(d)
j [errj(â

(d−1))− divj(â
(d−1))] (18)

where ε
(d)
j = ∇

o
(d)
j

g(d)(ξ(d)) and g(d)(o
∗(d)
j ) = o∗(d+1)∑n(d)

k=1 ŵ
(d+1)
k

.

According to theorem 2, we can see that the generalization error of the model could be decomposed into the error
err(â(d)) and the diversity div(â(d)) of the last hidden layer and the approximate error errapt(θ

∗) (14), while the
last hidden layer’s error depends on the performance of the preceding layer (15). Moreover, the error in layer (d−1)
can also be decomposed into the error and diversity in layer (d − 2). In the multi-layers NNs, the diversity of the
hidden layer also has a force on the performance of the subsequent layers. In order to improve the generalization of
NNs, the diversity in the hidden layers need to be enhanced.

This conclusion is consistent with our intuition. If all neurons in the network are highly correlated and the
output values of different neurons are consistent, then most neurons in the network are redundant, the features
learned by the model are single, the ability to learn useful features is limited, and the generalization performance
of the model is limited. Therefore, we need to enhance the diversity of models through certain means.
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3 Experiments

In this section, we conduct two experiments to show the impact of diversity on the generalization performance of
the model and validate our theoretical conclusion.

3.1 Experiments on CIFAR

In this part, we verify the effect of diversity on the generalization performance of the mode on the CIFAR dataset.
Dataset The CIFAR-10 dataset consists of 60000 images with 32×32 in 10 classes. It has been split into 50000
training images and 10000 test images. The CIFAR-100 dataset is just like the CIFAR-10 dataset, expect that
it has 100 classes containing 600 images each. There are 500 training images and 100 testing images per class.
Experimental Settings The model in our experiments is a simple Feedforward Neural Network (FNN) model
with two hidden layers, where the number of hidden units is set to 256 and 128, respectively. The activation function
of the model is ReLU .

(a) Test accuracy (b) Diversity

Fig. 1. The test accuracy and diversity of the models on CIFAR-10 (blue line) and CIFAR-100 (red line) dataset. The light
line and dark line represent the diversity in the first hidden layer and the second hidden layer, respectively. We plot the
diversity divided by the norm of activation values in the hidden layers.

The results are reported in Fig. 1. To avoid the influence of the scale of activation values on the diversity, we
plot the diversity divided by the norm of activation values in the hidden layer. We observe that at the beginning
the diversity of the model is the least. As the increase of the test accuracy, the diversity of the model also increases.
Particularly, when the accuracy goes to stabilize, the growth of the diversity slows down. It indicates that the test
accuracy is associated with the diversity which captures the variation in generalization behavior of the model in
the training process. In order to achieve better performance, the model tends to learn diverse representations.

3.2 Experiments on MNIST

In this subsection, we verify the effect of diversity on the generalization performance of the mode on the MNIST
dataset.
Dataset The MNIST dataset consists of 28 × 28 pixel handwritten digit images. The dataset is divided into a
training set with 60000 samples and a test set with 10000 samples.
Experimental Settings Our experiments are basing on a fully connected neural network with two hidden layers.
The activation function of the model is the ReLU activation function. We compute the diversity in the last hidden
layers, i.e.,

diversity(a(2)) =

l(2)∑
i=1

w
(3)
ij

w
(3)
j

(w
(3)
j a

(2)
j − o(3)n )2. (19)

The accuracy on the test data reflects generalization performance of the model.
The left subgraph in Fig. 2 describes the accuracy on the training data and test data. The left subgraph is a
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Fig. 2. The blue line and red line on the left subgraph represents the accuracy of the training set and test set. The red line
on the right subgraph represents diversity.

description of diversity. From Fig. 2 we can see that during the initial training period, the diversity is significantly
increased and the test accuracy is also significantly improved. As the diversity increases slowly the test accuracy
also increases gently. It is consistent with our theoretical conclusion that with diversity increasing the generalization
performance of the model will also increase.

4 Conclusion

In this paper, we investigate the generalization ability of NNs from a new perspective: ensemble learning; we propose
diversity to describe the generalization performance of NNs; we decompose the generalization error into the two
components, namely, estimation error and approximation error. The estimation error in layer d is equal to the error
in layer d−1 which minus the diversity in layer d−1 . And this result could generalize to any hidden layer. Increasing
the expected diversity in each hidden layer helps to reduce the generalization error. The experiments on CIFAR
and MNIST datasets demonstrate that the diversity among hidden units is a key factor for better generalization,
which verifies our theoretical conclusion.
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inconsistency between neuro-AI principles and its hardware
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Abstract. This paper discusses desirable architectures and structures of truly neural hardware. First,
we review the principles of neural processing, that is, ”pattern information representation” and ”pattern
information processing.” Then, from this principle viewpoint, we discuss physical reservoir computing, in
particular, wave-based hardware such as lightwave and spin-wave reservoir computing. We also discuss the
complex-valued neural networks, which is the primary framework in such wave-based neural networks.

Keywords: Pattern information representation, pattern information processing, complex-valued neural
networks, physical reservoir computing

1 Introduction

Artificial intelligence based on neural networks such as deep learning neural networks (neuro-AI) realizes high
performance in many tasks in various situations. However, it also requires a long learning time and huge power
consumption. It is also true that time-sequential-data processing is also realizable by extending the networks to
recurrent architecture. The power and time consumption becomes, however, much larger. In the modern society
that utilizes sensor networks and cloud computing, it is urgent necessity to reduce the power consumption
totally and globally.

2 The essence of neural networks: Pattern information representation and
pattern information processing

The modern neuro-AI is based on the two principles, namely, ”pattern information representation” and ”pattern
information processing.” That is, many neurons represent information in cooperation, and the inner product of
the weights and multiple-neuron information yields outputs [9]. Contrarily, ”symbol information representation”
and ”symbol information processing” are the bases of the conventional logic-AI, where we assign meanings to
respective bits and flags to realize logic processing and deduction. They are the base of the so-called von-
Neumann-type hardware, that can also conducts numerical processing with a most-significant bit and other bit
roles assigned.

First, we describe the difference and similarity between these two principles. We go back to the most basic
point. Fig. 1 shows (a) neurons in neural networks for the pattern information processing and (b) logic gates in
logic circuits for the symbol information processing. The most simple McCulloch-Pitts model relates the output
signals yj to the input signals xi with an activation fuction f and a threshold θj as

yj = f

(∑
i

wjixi − θj

)
(1)

Similarly, the input signals at the logic gates xi (usually 0 or 1) and the output signals yj are related to each
other with a step function 1 as

yj = 1

(∑
i

1 · xi − θj

)
(2)

where we can obtain an AND-gate by adjusting the threshold as 2 < θj < 3, for example, 2.5, or OR-gate by
setting θj=0.5 for example. In this sense, logic gates are very similar to neurons.

⋆ A part of this work was presented in Oyo Butsuri of Japan Society of Applied Physics in 2019 [10]. This work
was supported in part by JSPS KAKENHI Grant No. 18H04105, in part by Tohoku University RIEC Cooperative
Research Project, and also in part by the New Energy and Industrial Technology Development Organization (NEDO)
18102285-0.
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Fig. 1. Fundamental difference and similarity in their principles between (a) neurons in neural networks for pattern infor-
mation representation/processing and (b) logic gates in logic circuits for symbol information representation/processing.

However, neurons usually receive many input signals transmitted from many other neurons with many
synapses, and their weighting factors wji take continuous values. Putting stress on these facts, we can say that
the neural internal state uj is the inner product of the weights w = [wji] and the input signals x = [xi]. That
is,

uj =
∑
i

wjixi − θj =
J∑

i=0

wjixi (3)

where we assume θj = wj0, xo = −1 formally. We call this manner the pattern information representation, where
the information is represented by many neurons. We also call the processing manner the pattern information
processing, where the inner product of many weights and input signals results directly in the output. Since
information is supported by many neurons, a fault of a single or a few neurons does not so influential to the
output value.

It is also significant that information ”A” a little different from information ”B” is also very similar to ”B.”
This is the origin of the generalization ability that neural networks acquire. Statistically, averaging the inner
product results in the correlation of the weights and input signals. The importance of correlation is found not
only in such microscopic single neuron activities but also in macroscopic big-data processing in the neuro-AI
world.

In contrast, a logic gate usually has only a small number of input signals so that a fault in a single input
results in an output error. Generalization ability is also unacquirable. However, it is good for the logic circuit to
fully utilize the small number of inputs to represent information densely by putting importance to a single bit
or a single flag. This usage was meaningful in particular when the memory capacity is quite limited as it was
decades ago. This is the basis of CPUs (central processing units) used in the von-Neumann-type computers,
which is very different from that of the brain.

3 Serious issues found in the present hardware: Inconsistency between the
processing principle and the physical reality

It is possible to conduct neural network processing on symbol information representation/processing hardware
by a software-based strategy. This is the present neuro-AI. However, there exists inconsistency between the
processing principles and the hardware bases [10]. This point is the most essential issue, which results in serious
problems such as the huge power consumption. This inconsistency is illustrated in Fig. 2.

Table 1 lists the most serious two problems in large scale integrated circuits such as the present CPUs in von-
Neumann-type computers. The variability in element characterisitcs is the biggest barrier in the Moore’s law.
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Fig. 2. Conceptual illustration showing the physical reservoir hardware consistent with the neuro-AI principles as well
as the von-Neumann-type hardware inconsistent with them.

Table 1. Two serious problems in large scale integrated circuits, their symptoms and the causes.

Problem Symptom Cause

Element variabil-
ity

Increase of errors in logic circuit Extreme reduction of atom numbers in a transistor,
then the increase of standard deviation against mean
of electric characteristics

Wiring explosion Increase of energy consumption to charge
and discharge the physical wires

Relative increase of wiring area to reducing transistor
size

We have to go further beyond. We can solve the variability problem by introducing a neural learning dynamics
in devices. One way is the reservoir computing mentioned below. That leads to ”non-elaborate” devices, which
does not require too much elaboration in the fabrication stage. Such a device acquires a normal operation
through exposure to the environment. This means also that the device works flexibly even if the environment
changes.

Wiring explosion is very serious. It is almost equivalent to the energy consumption explosion. An ideal device
should be hard-wiring free. Such a device is possible by using waves. For example, an optical reservoir computing
system uses lightwave to map time-sequential signals to spatiotemporal domain. A spin-wave reservoir computing
uses charge particles, i.e., electrons, but they do not flow, free from hard wiring. There exists a framework with
which such wave-based neural networks are suitably constructed. It is the complex-valued neural networks [7,9].

4 Reservoir computing hardware

Presently, many researchers pay attention to reservoir computing [1, 16, 20, 32, 39–44, 46–50]. One of the most
attractive points in reservoir computing is the fact that it is realizable by using physical phenomena directly with
flexible utilization of spatiotemporal domain. Physical reservoirs are consistent with the pattern information
representation/processing, being free from the inconsistency between the processing principles and the physical
realization. Those using waves are also free from hard wiring, resulting in no charging nor discharging and
consequently low power consumption. There are various ways to realize reservoirs [1]. In this paper, we review
two reservoirs we proposed, namely, a lightwave reservoir system and a spin-wave reservoir chip.

Fig. 3 shows the basic structure of a lightwave reservoir computing system [38]. A semiconductor laser is
fed with a feedback from outside of the laser cavity. Then the oscillation gets apart from usual oscillation, and
becomes unstable. We set the operation at the so-called ”edge of chaos,” a near-chaotic point. When we feed
a time-sequential input signal at the distributed Bragg reflector (DBR) having electrodes, the laser generates
diverse signals dependent on the input. We weight and gather the signals to synthesize a desirable output.
This system is fabricated as a small optics suitable for integrated optical circuits. Besides this, various kinds of
lightwave reservoirs have been proposed mainly by using optical fibers [5, 30].
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Fig. 3. Micro-optics lightwave reservoir computing system [38].

(a) (b)

Fig. 4. (a) Structure and (b) wave propagation example of a spin-wave reservoir computing chip device [34].

Fig. 4(a) shows the basic structure of a spin-wave reservoir chip composed of a magneto-electric coupling
layer, a garnet film and a conductive substrate [33,34]. Spin waves excited in the garnet film at the red electrodes
propagate with scattering and reflection, and interfere nonlinearly. They have also hysteresis, anisotropy and
dispersion. Such complex dynamics of the spin wave results in the transformation of the input signals to generate
various time-sequential signals dependent on the input signals, which realizes the synthesis of desired output
signals at simple output neurons connected to this chip. If we implement an equivalent transformation with
a von-Neumann-type computer by using software, we need large calculation time and energy consumption.
Instead, we rely on the physics of the spin wave. We have equivalently infinite number of neurons in the garnet
film. There is no explicit wiring, but the spin wave realizes the communication among the neurons.

5 Complex-valued neural networks: The coherent neural networks

The framework of complex-valued neural networks (CVNNs) is the principle of the dynamics in such wave-based
neural networks using lightwave, electromagnetic wave, sonic or ultrasonic wave, spin wave and various quantum
waves [9]. It is also the framework of neural networks that deal with information acquired by wave phenomena
such as radar imaging and sensing systems.

The merit of CVNNs lies in the excellent generalization ability arising from the combination of complex
numbers and the learning process. CVNNs are different from double-dimensional real-valued neural networks as
follows. Complex numbers have multiple manners in their representation. One is the real 2×2 matrix represen-
tation. Here, it is notable that the matrix has only 2 parameters in itself corresponding to phase and amplitude,
instead of usual four parameters (components) in a 2×2 matrix [3]. This fact means a low degree of freedom in
the learning process, which also means sparsity built in the complex number inherently and intrinsically. This
feature works effectively in dealing with phase and amplitude adaptively [8,17–19]. In other words, the network
has high ability to estimate and/or predict phase and amplitude values included in waves (and polarization in
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Fig. 5. A chart to map complex-valued neural networks and other information processing frameworks with a coordi-
nates having the two axes showing pattern information representation/processing or symbol information representa-
tion/processing as the horizontal axis and the information connection amount/density as the vertical axis [15].

the case of quaternion networks [27–29,35–37]). This advantage gets obvious not as the complex number solely,
but makes its appearance only when combined with the learning process. Most of electronic systems deal with
waves, sometimes with the help of Fourier transform. Then the CVNN framework is useful in various electronic
systems.

In general, if the number of parameters (connection weights) in a neural network is too small, the errors
at teacher signal points (examples for learning) do not converge at zero sufficiently. Contrarily, when it is too
large, the network has too high degree of freedom, resulting in worse generalization characteristics. A CVNN
restrict the parameters in such a manner that every neuron processes the phase and amplitude appropriately
in its treating waves. In this sense, a CVNN is a coherent neural network. Its first application fields include
adaptive processing in radar imaging and wireless communications [2, 45].

Wave phenomena including quantum effects are significantly important also in devices for information pro-
cessing. This fact leads to the expectation to develop and fabricate new information devices that utilize wave
phenomena and the principle of CVNN in the near future. Previous works proposed, for example, coherent
lightwave neural networks [4, 6, 11–13]. They utilize the phase and the amplitude of lightwave for information
processing [21–24, 31]. They also presented preliminary experiments on frequency-domain multiplexing in the
learning and processing [25,26].

Fig. 5 is a chart to map CVNNs and other information processing frameworks with a coordinates with the two
axes showing pattern information representation/processing or symbol information representation/processing
as the horizontal axis whereas the information connection amount/density as the vertical axis [15]. The reservoir
computing based on CVNNs occupies the large upper-right area, which suggests their substantial developments
in the near future [14].

6 Conclusion

We discussed the principles of neuro-AI systems in its dynamics, namely, the pattern information representation
and the pattern information processing. Then we mentioned that physical reservoir computing realizes hardware
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consistent with the neural principles. We showed two examples, a micro-optics lightwave reservoir computing
system and a spin-wave reservoir chip device, both of which utilize waves. Finally we discussed the merits of
CVNNs in such wave-based reservoir computing hardware.
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Abstract. Multi-label classification problem is a generalization of the traditional single-label classification,
which makes the data more complex in nature. To handle the inherent complexity of multi-label data, a compact
and efficient network known as functional link artificial neural network (FLANN) has been explored. FLANNs
are known to functionally transform the input space to introduce non-linearity into the data, thus making the
task of separating the classes in the output space comparatively simpler. In this paper, six multi-label FLANN
models (five novel and one existing) have been devised for multi-label classification to procure the optimal
configuration. These six variations of the network have been built using three basis functions - trigonometric,
Chebychev, power polynomial and two learning techniques - backpropagation and particle swarm optimization.
These fundamentals of FLANN have been thoroughly explored in the single-label domain, but are yet to be
experimented for multi-label data. These multi-label FLANN models were tested on four datasets for ten
performance metrics. Analysis of the results have generated some interesting conclusions and optimal models
for multi-label classification.

Keywords: Multi-label classification · functional link artificial neural networks · particle swarm optimization

1 Introduction

Classification is a predictive data mining task, usually conducted by means of supervised learning. Traditional
classification problems are annotated with a single-label, however, in the real world, data is mostly tagged with
multiple labels. Multi-label classification, for example, is the task of tagging music with multiple emotions, catego-
rizing movies into more than one genres and so on. Basically, the aim of multi-label classification is to predict a
set of labels for each data instance as opposed to single-label classification where each input instance is associated
with a singular class or label. Multi-label classification can be seen as a generalization of single-label classification.
The methods to deal with the generality of multi-label data to produce the overlapping and convoluted boundaries
can be broadly divided into - data transformation and problem adaptation based methods [9]. Most of the recent
works [16, 17] in the past decade has been focused towards the problem adaptation based methods. This branch
focuses on modifying the existing classification algorithms for multi-label data. While solving the problem of classifi-
cation, artificial neural networks have shown the capability of solving very complex, non-linear data relationships [8].
The flexibility exhibited by neural networks make it capable of learning any type of pattern. They are loosely in-
spired by how the human brain works; specifically, its interconnected neuron structure and its activation resembles
the biological synaptic connections and its firing. This makes it capable of handling complex classification tasks.
However, in literature, the application of neural network models for multi-label classification is somewhat limited.
Adaptations of multi-layer perceptron (MLP) [17], radial basis networks (RBF) [16], functional link artificial neural
networks (FLANN) [10], extreme learning machines (ELM) [11], etc. as multi-label classifiers have been shown in
the literature. There is still scope of exploring this area with the problem of multi-label classification in mind.

Among the various networks explored, FLANN is one such network that is compact yet efficient. Multiple FLANN
adaptations for single-label classification [3,4,12] exist in literature, but it is yet to be sufficiently experimented in the
multi-label domain. FLANNs are feed forward networks where the use of a hidden layer is omitted by non-linearly
transforming the input features with some basis functions. The expanded input layer portrays a higher dimension
projection of the input with better discriminating characteristics. Multi-label data is inherently quite complex in
nature, mostly due to its multiple overlapping class boundaries. This calls for models that can handle this bottleneck
and improve on it. Therefore, FLANN is an apt choice in this scenario. In the present paper, various models of
FLANN have been devised in order to analyse each of their importance as a multi-label classifier. Three types of
functional expansions viz. trigonometric, Chebychev and power polynomial expansions and two weight optimization
techniques, namely, backpropagation and particle swarm optimization (PSO) have been included in this paper.
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Combination of one functional expansion and one weight optimization technique has led to six FLANN models
for multi-label classification. Out of these six, five are novel configurations and one model exists in literature [10].
These multi-label FLANN models have been tested on four datasets and ten performance metrics to appreciate the
overall performance for each of them. Comparative analysis indicates optimal performance from few of the models
over the others making them efficient multi-label classifiers.

The next section touches upon a brief literature survey. Section 3 discusses the fundamentals of FLANN along
with the basis functions and learning techniques to be used. Section 4 provides an analysis of the results obtained
for the six FLANN models and Section 5 concludes the paper.

2 Literature Survey

Exploring the literature of multi-label classification, we come across few neural network based techniques which
have tailored the original models to suit the problem at hand. BP-MLL [17] is an adaptation of the traditional
multi-layer perceptron with a different error computation technique, more suited for multi-label data. MLRBF is
another simple adaptation of the traditional RBF network. Similarly, [14] developed a multi-label extreme learning
machine (MLELM) for fast classification. Generally, ELMs are capable of learning in one pass, but not so efficient
in handling multi-label data on its own. It has led to the development of other more efficient models [11] which
can deal with multi-label data in a better way. Apart from these neural network models, FLANN is a compact yet
efficient model that has newly found its way in multi-label classification domain. The primary FLANN model uses a
basis function to non-linearly expand the input data, and a learning technique to update the weights of the network.
Different combination of basis functions and learning mechanisms have been experimented with in the past. In the
multi-label domain, [10] proposed a multi-label FLANN (MLFLANN) which uses trigonometric input expansion
and backpropagation for weight update. However, there are numerous other models of FLANN in literature [3]
that have been developed for single-label classification, and can be adapted to classify multi-label data as well.
Various models of single-label FLANN [12] have performed trigonometric input expansion and backpropagation
(BP) learning methodology. This combination is quite popular for single-label classification and have reportedly
performed well. The method developed in [4] also uses trigonometric expansion but instead of BP, PSO with Cauchy
and Gaussian mutation operator has been used for training of the weights. [3] used a Chebychev expansion along
with an adaptive version of PSO (aPSO) combined with BP as their learning scheme for single-label classification.
The initial weights were first found using aPSO and then this was used as a starting point for the BP learning for fine
tuning. It is seen that FLANN based classifiers have been well-explored in the domain of single-label classification,
and need similar enthusiasm in the multi-label domain. Thus, in the proposed work, three basis functions, namely,
trigonometric, Chebychev and power polynomial have been focused upon, along with two learning approaches –
backpropagation and PSO. The current work combines the basis functions and learning mechanisms to build six
models of FLANN for multi-label classification. Details of the approaches have been discussed in the following
sections.

3 FLANN for multi-label classification

A multi-label classification problem can be defined as the mapping of input X = {X1, X2, ..., XD} to output
Y = {Y1, Y2, ..., YC}, where, D is the input dimension and C is the output dimension. The output here denotes the
multiple classes that input X belongs to. This can be portrayed as a one-to-many mapping, which makes it more
complex than traditional one-to-one single-label classification. FLANN is known to handle complex classification
at par with multi-layer perceptrons for single labelled data. The main idea of FLANN is to introduce non-linearity
in the data by functionally expanding the original input. From Cover’s theorem [2], it can be said that a higher
dimensional transformation makes the original data more separable, thus, simplifying the task of classification.
This is a primary reason of exploring FLANN models to handle the complex multi-label data. The basic model of
multi-label FLANN is shown in Fig. 1. It contains an input layer for D features X1, ..., XD. These input features
are expanded by the functional expansion unit with the help of some basis functions which introduce non-linearity
in the data. Now, each input feature Xi is expanded to q corresponding features which represent the final amplified
input. The functionally expanded input X ′i can be thus represented as:

X ′i = {f0(Xi), f1(Xi), . . . , fq(Xi)} (1)

where, f0(.), f1(.), . . . , fq(.) are the q basis functions that are used for expansion of the inputs. There are various
types of basis functions for traditional FLANN in literature which serve different purposes. Few of them have been
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Fig. 1. General architecture of Multi-label FLANN

discussed in Section 3.1. After expansion, the features are directly mapped to the C nodes of the output layer with
the help of weighted connections. The nodes at the output layer compute the predicted score for each class at the
corresponding nodes. Weighted sums of the expanded inputs are computed at the output layer. These predicted
scores are iteratively moved towards the target scores by updating the weights and reducing the error. These weights,
W , are learned iteratively during the training phase of the network. Researchers have incorporated different weight
optimization mechanisms, two of which are discussed in Section 3.2.

3.1 Basis functions

This section gives a description of the three basis functions explored in this work.

Trigonometric The trigonometric expansion is one of the most popular basis functions for FLANN. Trigonometric
orthonormal basis, sin and cos functions are used for this expansion. According to [3], a trigonometric basis function
forms a more compact representation than the other functions. For all the polynomials of the nth order with respect
to an orthogonal system, ϕ(u)ni=1, the best approximation in the metric space of L2 is given by the nth partial sum
of its Fourier series with respect to the system. The expansion representation with input feature, Xi, used for the
current work is as follows:

X ′i = {Xi, sin(πXi), cos(πXi), sin(2πXi), cos(2πXi), . . . , sin(qπXi), cos(qπXi)} (2)

Chebychev This series is easier to calculate in comparison to the trigonometric functions. As stated in [3], the non-
linear approximation capacity of the Chebychev orthogonal polynomial is very powerful by the best approximation
theory. Chebychev functions are orthogonal for the range [−1, 1]. The finite set of Chebychev polynomials can be
generated in the following recursive way for an input feature Xi:

X ′i = {1, Xi, {2 ·Xi · f1(Xi)− f0(Xi)}, . . . , {2 ·Xi · fq−1(Xi)− fq−2(Xi)}} (3)

Power Polynomial The use of power polynomial basis functions for expansion is quite simple. Any polynomial
functional form can be used for this approach. In the current work the expansion has been carried out in the
following way:

X ′i = {1, Xi, X
2
i , . . . , X

q
i } (4)

3.2 Learning Mechanisms

The subsequent section gives a brief description of two learning techniques widely used for FLANN.

58 ICONIP2019 Proceedings

Australian Journal of Intelligent Information Processing Systems Volume 16, No. 4



4 A. Law et al.

Backpropagation Backpropagation mechanism is one of the most popular weight optimization techniques for
neural networks. FLANN models for single label classification [12] and multi-label classification [10] are known to
use this learning technique quite often. Gradient descent provides a computationally efficient method of changing
the weights in a feed forward network with differentiable activation function units to learn a training set of input-
output pairs. In this work, the network weight matrix, W , is initialized randomly with values close to zero. The
input patterns, X, are then fed to the network iteratively. A weighted sum of the functionally expanded non-linear
inputs, X ′, are added with a bias term, b. The summed result is then subjected to an activation function φ(.) in the
output neurons. The output vector, Y ′i = [y′i1, y

′
i2, ...., y

′
iC ] for the ith pattern, representing the predicted labels,

is then obtained. For N data instances or patterns, the labels are obtained by mapping the input to the C output
dimensions as follows:

y′c = φ
( D′∑

k=1

X ′k ·Wkc + b
)
, where 1 ≤ c ≤ C. (5)

The error, Ei, is the calculated using the original set of labels, for the ith pattern as:

Ei = Yi − Y
′

i (6)

The weights are then updated using gradient descent. The change in weights, ∆W t, which is a set of weight vectors,
∆W t

kc at tth iteration is given as,

∆W t
kc = µ ·X

′t
k · δt, (7)

where, µ is the learning rate and the gradient δt at tth iteration is given as,

δt = Y
′
· (1− Y

′
) · E (8)

The updated connections weights, W at the (t+ 1)th iteration is given by,

W t+1 = W t +∆W t (9)

At the end of learning phase, the model is able to generate class scores using Equation (5) at the output nodes in
range [0, 1]. These scores are then converted to relevant labels for each data instance by using a global threshold.

Particle Swarm Optimization PSO [5] is a population based search procedure in which individuals called “par-
ticles” change their position with time, and each particle in the swarm represents a “solution” to the optimization
problem. The particles fly around in a multi-dimensional search space following the personal best and the global
best particle positions. As stated above, a particle referred here is a potential solution to the optimization prob-
lem. Thus, a particle, k, in our multi-label FLANN scenario is represented with two parameters, its velocity and
position. The velocity, vk, represents the movement of the particle in space towards the optimal solution. Whereas,
the position of a particle is represented by the weight matrix of the FLANN, Wk, in the C-dimensional problem
space. The particle position is denoted as a vector Wk = (Wk1, Wk2, ...,WkC), for the kth particle out of all P
randomly initialized ones in the problem space, i. e., the swarm. Each kth particle maintains records of its personal
best position, WL

k = (WL
k1, W

L
k2, ...,W

L
kC), its current velocity, vk, and its current position, Wk. In each iteration

a global best W g = (Wg1, Wg2, ...,WgC) is found based on the positions of all the members of the swarm. Any
particle in the swarm then changes or moves in the space according to the information from the global best and its
own personal best. In each iteration, WL

k and Wg of the current swarm are combined with some weights γ1 and γ2,
where γ1 is known as the cognitive factor or the self-confidence factor and γ2 is referred to as the social factor or
the swarm confidence factor. This is done in order to adjust the velocities of the particles of the swarm.

Fig. 2 represents the movement of the particle. The particle moves in the direction of the resultant vector, W ′
k,

w.r.t the personal and global best positions. ω represents the inertia factor, and it plays a key role in the process of
providing balance between exploration and exploitation process in PSO. If the value of ω is large then PSO tends to
be in the global search mode, hence, providing little resistance to the velocity. Whereas, if the value is less, then it
provides greater resistance to the previous velocity of the particle, hence, tending to be in a targeted search mode.

Now, considering the multi-label classification problem at hand, the mean squared error (MSE) objective function
has been selected for carrying out the PSO routine. Hence, the task is to minimize the MSE between the target
output and the generated output. With each particle position Wk represented as:

Wk = (W11,W12, ...,W1C ,

W21,W22, ...,W2C ...,

WD′1,WD′2, ...,WD′C). (10)
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Fig. 2. Vector Representation of PSO

The objective function can be defined as:

J(W ) =
1

D′

D′∑
i=1

C∑
j=1

||φ(Wij ·X ′ij + b)− Yij ||2, (11)

where, φ(.) is the activation function. In the current work, the activation function φ(x) is selected to be the sigmoid
function. The velocity vk and position Wk for each particle k is updated in the tth iteration as,

vk(t+ 1) = ω � vk(t) + γ1 � r1(t)� (WL
k (t)−W k(t))

+ γ2 � r2(t)� (W g(t)−W k(t)),
(12)

W k(t+ 1) = W k(t) + vk(t+ 1), (13)

where, � represents the Hadamard product, r1 and r2 are vectors of random numbers which introduce randomness
for search space exploitation and γ1, γ2 are acceleration coefficients. The personal best and global best positions
for the (t+ 1)th iteration are computed as follows,

WL
k (t+ 1) =

{
WL

k (t) if J(W k(t+ 1)) ≥ J(WL
k (t))

W k(t+ 1) otherwise
(14)

W g(t+ 1) =


W g(t) if J(W k(t+ 1)) ≥ J(W g(t))

W i(t+ 1) if for any i

J(W i(t+ 1)) < J(W g(t))

∀ i ∈ swarm

(15)

In the present work, the inertia factor, ω, has been changed in a linearly decreasing fashion [15], so as to employ
exploration in the initial iterations and slowly convert it to exploitation when approaching the best particle. The
linearly decreasing strategy for ω, that enhances the efficiency and performance of PSO, is defined as,

ω(t) = ωmax −
ωmax − ωmin

itrmax
× t (16)

where, itrmax, is the total number of iterations for the PSO routine. In addition, the implemented PSO also uses the
adaptive cognitive acceleration coefficient (γ1) and social acceleration coefficient (γ2) [3]. γ1 has been decreased from
an initial value, γ1i, to a final value, γ1f , and γ2 has been increased from γ2i to γ2f using the following equations,

γt1 = (γ1f − γ1i)
t

itrmax
+ γ1i (17)

γt2 = (γ2f − γ2i)
t

itrmax
+ γ2i (18)

Once the optimal weight matrix is obtained through the learning techniques, final classification is done in the
testing phase. The test data is functionally expanded and the class scores are predicted through their weighted
aggregation. These predicted scores are finally converted to crisp labels using a global threshold. The following
section describes the experimental findings for the different multi-label FLANN models using the basis functions
and learning techniques discussed here.
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4 Results & Discussion

To evaluate the effectiveness of all the six multi-label FLANN models proposed in this paper, they have been tested
on four datasets with ten performance metrics. Comparison among these six methods have been made to determine
their effectiveness in the field of multi-label classification.

4.1 Experimental Setup

Experiments were performed on a personal computer with an Intel(R) Core(TM) i5-8265U CPU @ 1.60GHz CPU,
8GB RAM on Linux 18.04 LTS version operating system and MATLAB 2016b development environment. For
evaluating all models, four real world MLDs viz. flags [7], emotions [13], yeast [6] and scene [1] were used. The
MLDs can be found at http://mulan.sourceforge.net/datasets-mlc.html. Among the many metrics for multi-label
classification [9], few well-known ones have been used for comparative analysis in the current work. Average precision
(AvP), precision (P), recall (R), hamming loss (HLoss), one error (OE), coverage (Cov), ranking loss (RLoss), micro-
F1 (mic F1), macro-F1 (mac F1) and subset accuracy (SA) metrics have been used.

Three basis functions – trigonometric, Chebychev and power polynomial, and two learning techniques – back-
propagation and PSO were used in combination to form six FLANN models for multi-label classification. Table
1 provides the acronyms along with their corresponding basis function and learning mechanism. Out of the six
mentioned here, ML-T-BP already exists in literature as MLFLANN [10]. The rest of the five models are novel in
the field of multi-label classification.

Table 1. The six modelled multi-label FLANN with their corresponding basis functions and learning mechanisms

Basis Function Learning Mechanism
ML-T-PSO Trigonometric PSO
ML-C-PSO Chebychev PSO
ML-P-PSO Polynomial PSO
ML-T-BP Trigonometric BP
ML-C-BP Chebychev BP
ML-P-BP Polynomial BP

4.2 Analysis of Results

The six models for multi-label FLANN have been tested on four datasets and ten performance measures. 5-fold
and 10-fold cross validation (CV) results for the datasets are shown in Tables 2 and 3 respectively. From the results
throughout all the datasets and performance metrics, ML-P-PSO is seen to outperform the other methods in most
of the cases. It is followed by ML-T-BP, a.k.a. MLFLANN. These two combinations of polynomial with PSO and
trigonometric with backpropagation seem to perform well for multi-label classification.

Analysing each category of FLANN models for multi-label classification, we reach a few conclusions. Results
for trigonometric expansion indicates a close competition between ML-T-PSO and ML-T-BP. This is very evident
especially for the scene dataset, where ML-T-BP exceeds all other methods, closely followed by ML-T-PSO. This
leads us to believe that trigonometric basis function definitely improves the feature space for scene data compared
to the other basis functions. It forms a more compact representation of the data, making it easier to comprehend.
Similarly, for power polynomial expansion, the ML-P-PSO model displayed a good performance for flags, emotions
and yeast datasets. ML-P-PSO and ML-P-BP have commendable results for emotions dataset, indicating polynomial
expansion fruitful for this specific dataset. Also, from the results for Chebychev expansion, ML-C-PSO is seen to
perform significantly better than gradient descent optimization, ML-C-BP. However, the overall trend shows that
Chebychev expansion models cannot compete with the trigonometric and power polynomial ones. The Chebychev
functional expansion seems to be somewhat inadequate to bring about separability in the data. Thus, it is less
suitable for multi-label classification, making trigonometric and polynomial expansions more favourable. Moving
on to learning techniques, overall, PSO is seen to perform slightly better than its BP counterparts for multi-label
classification. However, the choice of parameters plays a vital role in the performance of PSO. The numbers of
particles that make up the swarm in the current work, has been fixed after trial and error. Larger number of
particles corresponds to a much larger computation time. The optimal value to stop the PSO (itrmax) is also not
known, hence, it was experimentally set. Keeping in mind the drastic increase in the number of dimensions after the
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Table 2. 5-fold CV results for multi-label datasets

FLAGS AvP P R HLoss OE Cov RLoss mic F1 mac F1 SA
ML-T-PSO 0.7848 0.6319 0.6467 0.2807 0.2814 3.9290 0.2504 0.7101 0.6293 0.1594
ML-C-PSO 0.7632 0.5235 0.5946 0.2998 0.2448 4.2800 0.3280 0.6797 0.5252 0.0928
ML-P-PSO 0.7976 0.5906 0.6678 0.2851 0.2499 3.8057 0.2309 0.6992 0.6023 0.1390
ML-T-BP 0.7696 0.6228 0.6291 0.3051 0.2707 4.0323 0.2739 0.6836 0.6188 0.1286
ML-C-BP 0.6695 0.4960 0.4036 0.3754 0.2132 4.7457 0.5289 0.6151 0.4100 0.0874
ML-P-BP 0.7503 0.4641 0.5728 0.3106 0.2189 4.4834 0.3654 0.6536 0.4661 0.0930

EMOTIONS AvP P R HLoss OE Cov RLoss mic F1 mac F1 SA
ML-T-PSO 0.7612 0.6547 0.5977 0.2392 0.3289 2.0153 0.2005 0.6305 0.6206 0.2075
ML-C-PSO 0.7553 0.5655 0.6336 0.2314 0.3458 2.0253 0.2109 0.6091 0.5912 0.2310
ML-P-PSO 0.7814 0.6034 0.6654 0.2130 0.2850 1.9156 0.1815 0.6437 0.6265 0.2463
ML-T-BP 0.7619 0.6205 0.6144 0.2381 0.3423 1.9678 0.1979 0.6188 0.6133 0.2124
ML-C-BP 0.6100 0.3144 0.4610 0.3210 0.5245 3.0389 0.4513 0.3897 0.3499 0.0877
ML-P-BP 0.7690 0.6262 0.6343 0.2265 0.3171 2.0170 0.2023 0.6356 0.6262 0.2294

SCENE AvP P R HLoss OE Cov RLoss mic F1 mac F1 SA
ML-T-PSO 0.8320 0.6446 0.7055 0.1143 0.2759 0.5958 0.1015 0.6649 0.6715 0.4857
ML-C-PSO 0.7055 0.4306 0.6112 0.1515 0.4474 1.1836 0.2185 0.4995 0.5000 0.3212
ML-P-PSO 0.8012 0.5768 0.6868 0.1242 0.3149 0.7537 0.1320 0.6204 0.6237 0.4549
ML-T-BP 0.8451 0.7153 0.7377 0.1014 0.2534 0.5629 0.0942 0.7129 0.7250 0.5596
ML-C-BP 0.4391 0.0959 0.2134 0.2077 0.7852 2.5148 0.6799 0.1429 0.1180 0.0719
ML-P-BP 0.7808 0.5766 0.6612 0.1295 0.3390 0.8284 0.1527 0.6124 0.6129 0.4375

YEAST AvP P R HLoss OE Cov RLoss mic F1 mac F1 SA
ML-T-PSO 0.6344 0.4375 0.3711 0.3144 0.3670 8.3231 0.2864 0.5222 0.3913 0.0463
ML-C-PSO 0.7069 0.3257 0.4105 0.2315 0.2822 7.3090 0.2155 0.5849 0.3454 0.0861
ML-P-PSO 0.7213 0.3490 0.4488 0.2240 0.2669 7.0632 0.2014 0.6016 0.3714 0.1026
ML-T-BP 0.6454 0.4406 0.3832 0.3073 0.3583 8.3078 0.2891 0.5286 0.4034 0.0501
ML-C-BP 0.6083 0.2396 0.3195 0.2492 0.4382 10.3469 0.4451 0.5191 0.2513 0.0203
ML-P-BP 0.7074 0.3745 0.4467 0.2238 0.2784 7.9258 0.2431 0.6099 0.3957 0.1117

Table 3. 10-fold CV results for multi-label datasets

FLAGS AvP P R HLoss OE Cov RLoss mic F1 mac F1 SA
ML-T-PSO 0.7863 0.6462 0.6416 0.2834 0.2696 3.9326 0.2493 0.7129 0.6325 0.1450
ML-C-PSO 0.7681 0.4919 0.5307 0.3047 0.2343 4.1932 0.3241 0.6712 0.4855 0.0882
ML-P-PSO 0.7959 0.6155 0.6296 0.2766 0.2538 3.8174 0.2344 0.7132 0.6065 0.1137
ML-T-BP 0.7693 0.6169 0.6116 0.3136 0.2702 4.0061 0.2763 0.6773 0.6000 0.1342
ML-C-BP 0.7044 0.3880 0.3544 0.3738 0.2861 4.9176 0.5111 0.5616 0.3281 0.0413
ML-P-BP 0.7255 0.4918 0.5797 0.3120 0.2133 4.5521 0.3781 0.6604 0.4875 0.0671

EMOTIONS AvP P R HLoss OE Cov RLoss mic F1 mac F1 SA
ML-T-PSO 0.7476 0.6188 0.5686 0.2556 0.3561 2.0279 0.2087 0.6034 0.5855 0.1801
ML-C-PSO 0.7543 0.5353 0.6072 0.2432 0.3491 2.0388 0.2116 0.5820 0.5575 0.1736
ML-P-PSO 0.7856 0.6164 0.6549 0.2136 0.2968 1.8734 0.1809 0.6450 0.6262 0.2581
ML-T-BP 0.7599 0.6216 0.5901 0.2496 0.3172 2.0328 0.2051 0.6088 0.5965 0.1838
ML-C-BP 0.6203 0.3138 0.5110 0.3153 0.5140 2.8734 0.4231 0.3945 0.3526 0.0828
ML-P-BP 0.7640 0.6219 0.6266 0.2305 0.3340 1.9344 0.1946 0.6305 0.6131 0.2379

SCENE AvP P R HLoss OE Cov RLoss mic F1 mac F1 SA
ML-T-PSO 0.8285 0.6503 0.6941 0.1170 0.2771 0.6220 0.1060 0.6607 0.6685 0.4853
ML-C-PSO 0.7058 0.4281 0.6252 0.1491 0.4420 1.2002 0.2198 0.5013 0.5023 0.3299
ML-P-PSO 0.7893 0.5525 0.6933 0.1260 0.3361 0.7848 0.1390 0.6053 0.6096 0.4375
ML-T-BP 0.8448 0.7216 0.7360 0.1015 0.2538 0.5650 0.0943 0.7132 0.7256 0.5525
ML-C-BP 0.4332 0.1132 0.2768 0.2112 0.7956 2.5162 0.6890 0.1556 0.1373 0.0760
ML-P-BP 0.7903 0.5847 0.6784 0.1267 0.3294 0.8006 0.1467 0.6197 0.6231 0.4553

YEAST AvP P R HLoss OE Cov RLoss mic F1 mac F1 SA
ML-T-PSO 0.6324 0.4410 0.3773 0.3137 0.3873 8.2594 0.2832 0.5230 0.3963 0.0443
ML-C-PSO 0.7069 0.3178 0.4057 0.2317 0.2759 7.3282 0.2154 0.5820 0.3421 0.0823
ML-P-PSO 0.7262 0.3422 0.4481 0.2219 0.2668 6.9045 0.1954 0.6023 0.3711 0.0985
ML-T-BP 0.6503 0.4405 0.3845 0.3032 0.3517 8.2581 0.2850 0.5335 0.4040 0.0567
ML-C-BP 0.6198 0.2524 0.3090 0.2429 0.4240 10.2136 0.4308 0.5383 0.2676 0.0310
ML-P-BP 0.7063 0.3831 0.4556 0.2226 0.2822 7.9551 0.2439 0.6131 0.4040 0.1187

62 ICONIP2019 Proceedings

Australian Journal of Intelligent Information Processing Systems Volume 16, No. 4



8 A. Law et al.

functional expansion, which thereby increases the overall computation time. However, experimentally, BP was faster
than PSO, while compensating slightly on its performance. Thus, both BP and PSO can be used in multi-label
FLANN depending on the requirement of the problem.

5 Conclusion

This paper develops six models (five novel and one existing) of functional link artificial neural network for multi-label
classification. These six models were created by pairing three functional expansion units – trigonometric, Chebychev
and power polynomial, and two learning procedures – backpropagation and particle swarm optimization. All the
combination models have been tested on four multi-label datasets to generate concluding results. It was found that
few models that were successful in single-label classification, have not been able to handle multi-label classification
equally well. Whereas, some techniques have surpassed the others in almost every scenario, making them suitable
multi-label classifiers. In future, the winning classifiers can be further explored to improve their performance in the
field of multi-label classification.
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Abstract. Knowledge graph has recently attracted significant interests due to its extensive applications. Triple
facts in knowledge graph is not always valid in time dimension, e.g., the fact (The President of the United States
is Barack Obama) is valid from 2008 to 2017. However, most knowledge graph embedding algorithms mainly
focus on solving static knowledge graph embedding and are knotty to adapt to dynamic knowledge graph. In
this paper, we propose a dynamic knowledge graph embedding model with semantic evolution. Our algorithm
uses non-random initialization and smooth embedding drifting to map the knowledge graph embeddings into a
common space, which makes embeddings able to inherit time information. The experimental results on temporal
datasets prove our algorithm could process time information effectively.

Keywords: Knowledge Graphs · Dynamic Graph Embedding · Semantic Evolution · Non-random Initializa-
tion.

1 Introduction

Knowledge graph(KG) was proposed by Google in 2012 to enhance its search engine function. Essentially, the real
world can be abstracted into a complex network. Knowledge graph is designed to describe various entities, concepts
and their relationships in the real world. They constitute a huge semantic network graph. Nodes represent entities
or concepts, while edges indicate attributes or relationships. Because knowledge graph is extremely useful for many
NLP related tasks, the rapid development of knowledge graph makes it the focus of attention of the academic,
business and even governments around the world.

Knowledge graph embedding is a research hotspot and it is a worthy research direction of knowledge graph. A
large number of scholar are dedicated to studying how to learn effective representation of entities and relationships
in knowledge bases. There is no doubt that knowledge graph embedding has achieved impressive results on many
tasks [1–9].

However, most algorithms have been developed to solve static network embedding, while the study of dynamic
knowledge graph embedding algorithms is still in an infant stage. The following aspects restrict dynamic knowledge
graph embedding: first, it is knotty to inherit information from different time snapshots. Static methods train
different time snapshots embedding in different vector spaces, which makes us hard to mine the information behind
embeddings, because we can’t capture the embedding drift of entities over time. Second, facts are not always valid,
and they can be even contradictory through time. For example, ( Barack Obama, presidentOf, USA) is only valid
in a specific time period. And Donald Trump is the president of the United States now.

In this paper, we consider how to introduce temporal contexts into the embedding and how to make the same
entity embeddings at different time snapshots have comparability. Dynamic word embedding, which is used to
study the meaning evolution gives us the idea about how to deal with this problem. The meaning of words change
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Fig. 1. Illustration of the SEDE model.

through time. And it has been confirmed that the method which have been used to model natural language(where
the symbol frequency follows a power law distribution(or Zipf’s law)) can be repurposed to model community
structure in graph [12]. With the help of semantic evolution algorithms, we design SEDE, as depicted in Fig 1, to
introduce temporal contexts into knowledge graph embedding. We first use the method of non-random initialization,
which is a representative technique to solve the problem of semantic drift to make nodes embedding for each slice
in the same space. The non-random initialization method defines the base point to the semantic change for each
entity embedding, that is, the initialization of the next moment has a function relationship with the result vector
of last time. Then we build a loss function to smooth the change of the entity embeddings in order to avoid drastic
changes through time.

It is worthwhile to highlight our contributions as follows:

•We propose a dynamic knowledge graph embedding model which introduces temporal contexts into the embed-
ding training. And it could solve the problems of the inheritance and interaction of information in graph snapshots.

• We use non-random initialization method to unify nodes’ historical behaviors into a continuous vector space.
Combined with non-random initialization dynamic knowledge graph embeddings method, we build connections
among graph embedding, and embedding learning will no longer be limited to a single time slice.

• Our experimental results on real-world datasets demonstrate that the proposed method outperforms state-of-
the-art baselines significantly.

This paper is organized as follows. Section 2 introduce the related works about dynamic knowledge graph
embedding. Section 3 describes our model and its derivation. In section 4, we evaluate our method through extensive
experiments on multiple datasets and demonstrate our method’s effectiveness. In the last section of this paper, we
summarize our finding and show our plans for future research.
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2 Related Works

2.1 Knowledge Graph Embedding

Knowledge graph embedding has become a very active field in recent years. knowledge graph embedding is to
learn the low-dimensional representations for nodes and relations in the datasets. The earlier and representative
algorithms for knowledge graph embedding are SE [1], SLM [2], SME [3,4], LFM [5,6] and RESACL [10]. TransE [7]
is a simple and efficient translational distance model and it is the most popular embedding algorithm at present.
TransE regards each relation as translation between the heads and tails and wants h+ r ≈ t when the fact (h, r, t)
is valid. After TransE was proposed, many algorithms were extended from TransE, like TransH [11], TransR [8],
TransD [9], et al. These algorithms can solve the problem that TransE can’t deal with complex relationships( like
1-N, N-1 and N-N) to some extent, but they don’t consider the temporal information.

2.2 Semantic Evolution

Language evolves over time and words change their meaning due to cultural shifts. The goal of studying semantic
drift is to reveal statistical laws of semantic evolution. Word embeddings are an effective method to study semantic
relations between separate words and many remarkable achievements are based on word embedding [19–22]. Kim [23]
provides a method for automatically detecting changes in language across time through a chronologically trained
neural language model. This method fits word2vec separately into different time snapshots. Hamilton [24] develops
a robust methodology for quantifying semantic change by evaluating word embeddings (PPMI, SVD, word2vec)
against known historical changes. Bamler [25] presents a probabilistic language model for time-stamped text data
which tracks the semantic evolution of individual words over time. This model studies the embedding vectors
connected in time through a latent diffusion process. Rosin [26] pays attention to words related over time.

2.3 Dynamic Graph Embedding

Dynamic Graph Embedding is an important but proportionately less explored problem. Early researches focus on
accomplishing some specific tasks. Some type of work is focused on extracting temporal facts from datasets [14,15].
Other pay attention to using temporal information to solve temporal contradiction in knowledge graph [16, 17].
Nowadays, researchers prefer to adopt the embedding method to learn dynamic knowledge graph. T-transE [30]
trains dynamic graph embedding by inflicting temporal order on time-sensitive relations. Know-evolve [13] uses
bilinear embedding learning method to model the non-linear temporal evolution of KG facts. HyTE [18] learns the
hyperplane (normal) vectors and the representation of the KG elements distributed over time jointly.

3 Our Approach

3.1 Problem Definition

In this section, we present necessary definitions used throughout this paper. We denote temporal triple facts
(h, r, t, Tstart, Tend) where Tstart and Tend is the start and end time when the fact (h, r, t) is valid. (h, r, t) rep-
resent the head, relation and tail of a fact. We divide time into different time slices. If a fact is valid in that time
slice period, the fact will appear in the graph of the time snapshots. Given the time-slices, a fact will appear in
different time snapshots. A temporal triple facts datasets can be expressed as a series of a dynamic graph snapshots
G = {G1, G2, . . . , GT }. Our goal is to learn the low-dimensional representations of facts’ entity set E and relation
set V in order to obtain better results in many tasks. The framework of our algorithm is shown in the fig 1 and
specific steps are explained below.
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3.2 Knowledge Graphs Embedding

In our work, we learn a low-dimensional vector representation for each entity and relation. To learn the embeddings,
we use the translation model such as TransE to train our algorithm at each graph snapshots. Translation model
thinks that entity vectors have translation invariantion, and Mikolov [28] proves that this relationship is universal.
In translation model, given two entity vectors eh, et ∈ Rn and relation vector vr ∈ Rn, we try to build the relation
to make the function eh + vr ≈ et valid. So the distance based scoring function used for plausible triples is hereby,

f(h, r, t) =‖ eh + vr − et ‖L1/L2
(1)

where, ‖ · ‖L1/L2
represent the L1 or L2 distance of the vector. For each candidate triple, it requires correct triples

to have lower scores than incorrect triples. We set D+ is the correct set, i.e., observed triples in knowledge graph
dataset. Incorrect triples which we can’t observe in knowledge graph dataset are drawn randomly from the set

D− = (h′, r, t) | h′ ∈ E , (h′, r, t) /∈ D+ ∪ (h, r, t′) | t′ ∈ E , (h, r, t′) /∈ D+ (2)

In order to train the algorithm, we should minimize the score by using margin based pairwise ranking loss. More
formally, we optimize the function

L =
∑

x∈D+

∑
y∈D−

max(0, f(x)− f(y) + γ) (3)

This model can’t deal with dynamic knowledge graph, so we improve this algorithm to introduce temporal infor-
mation.

3.3 Cascade temporal information

Dynamic knowledge graph embedding have temporal information which is different from static graph embedding.
Consider the fact (h, r, t, Tstart, Tend), we should introduce the time meta-fact directly into embedding training. Like
HyTE [18], the dynamic graph can be dismantled into several static graphs, which the fact is valid in during the
given time snapshots. And we deal with the dynamic graph as a temporal graph. There are many effective ways to
deal with static graphs and we introduce and promote it before. The difficulty of learning dynamic knowledge graph
embedding is how to introduce and inherit historical information. Our method is inspired by word semantic evolution
researches [25]. We think that there are many semblances between network evolution and semantic evolution. The
semantic change of a word is mainly due to the change of the link relationship in the sentence caused by the change
of time, while the change of the dynamic network node semantics is also the change of the network structure caused
by the same reason. Non-random initialization is a suitable method for us to introduce temporal information. In
our model, the embeddings are not randomly initialized, but initialized with the values from a previously-trained
model instead. That means we build a mapping function ϕ, supervised by the entity embeddings for previous time.
Once we get the converged entity embeddings at time t, we initialize the entity embeddings at time t+1 with the
mapping function.

et+1
i init = ϕ(eti) (4)

The connected model is shown in Fig 2.

3.4 Loss Functions and Optimization

In this part, we discuss the loss function which we use to train in the model. Our model pays attention to traditional
loss function but also consider adding constraints to avoid drastic changes of embeddings through time. In real world,
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Fig. 2. Inheritance of temporal Information.

the change of graph is relatively stable instead of being totally rebuilt in each time step. Therefore, we add the
L2-regularization of entity embedding to enforce the loss function.

Combining the above analysis, we aim to minimize the weighted combination loss function of two objectives.

L =
∑
t∈T

∑
x∈D+

t

∑
y∈D−

t

max(0, ft(x)− ft(y) + γ) + β
∑
t∈T

∑
i∈E
‖ eti − et−1i ‖22 (5)

where T is the set of time snapshots, D+
t is the valid triple samples at time T and D−t is the negative samples. β is

the parameter of the smooth loss. We hope to use regularization method to constrain drift through time.
We use non-random initialization method which we discussed in the previous section to integrate temporal

information. The learning process of SEDE is carried out using stochastic gradient descent (SGD). The process is
stopped based on model’s performance on the validation set.

4 Experiments

In this section, we evaluate experiments result based on some old-fashioned evaluation metrics which some knowledge
graph embedding method generally use. We utilize the temporal embedding vectors on three tasks: entity prediction,
relation prediction and graph visualization.

4.1 Datasets

Dynamic knowledge graph methods necessitate datasets with temporal information. WikiData [27] and YAGO [29]
are the representative datasets with time annotations which we can extract temporal snapshots to test our method.
• YAGO [29] YAGO is a huge semantic knowledge base, derived from Wikipedia WordNet and GeoNames.

YAGO also deliberate temporal and spatial knowledge and adds attribute descriptions of temporal and spatial
dimensions to many knowledge items. This dataset obtain 20.5k triples and 10,623 entities.
•WikiData [27] WikiData is an open and freedom knowledge base which collects a large amount of knowledge

generated by human and machine. We extracted this temporal knowledge graph from a preprocessed dataset of
Wikidata proposed by Leblay and Chekol. This dataset obtain 40k triples with 12.5k entities.

4.2 Baseline Methods

For evaluating the performance of our algorithm, we compare against the following methods:
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• TransE [7] TransE is an effortless but effectual translation based algorithm to acquire entity and relation
embeddings. TransE regards the relations as translation between entities by using the translation invariance of the
word vector space.

• TransH [11] TransE is difficult to deal with one-to-N problems. TransH is an algorithm which translates each
relation on different hyperplanes to solve this problem.

• t-TransE [30] This algorithm is a dynamic embedding algorithm which uses temporal ordering of relations
to mimic graph evolution. T-TransE recommend a novel time-aware knowledge graph embedding based on the
occurrence time of facts.

• HolE [31] This algorithm propose holographic embeddings (HOLE) to learn compositional vector space rep-
resentations of entire knowledge graphs. And it is regarded as the representative of the latest technology.

• HyTE HyTE is a temporally aware knowledge graph embedding algorithm which explicitly incorporates
time in the entity-relation space by associating each timestamp with a corresponding hyperplane. This method
demonstrate the effectiveness of it over both traditional as well as temporal KG embedding methods.

4.3 Entity Prediction

This task is to predict the missing entity. In this task, we give an incomplete triple which miss a head or tail. We
use a learning algorithm to predict the miss entity. More specifically, we randomly remove a part of test correct
triple (h, r, t, time). And then we predict the part which we remove, like (?, r, t, time) (for head entity prediction)
and (h, r, ?, time) (for tail entity prediction). In this task, we use MeanRank and Hits@10 to conduct the evaluation.
MeanRank (lower the better) is the average ranking of positive samples in the candidate side score sequence. And
Hits@10 (higher the better) is the proportion of correct entities in top 10 rank.

For all the algorithm, we take 128 for the dimensions parameter and 0.001 for the learning rate, which is also a
better parameter in most papers. We use 8000(YAGO) and 6000(WikiData) as a threshold to divide snapshots, so
that sufficient data can be trained in each snapshots. The results report in Table 1.

Through the result, we find that our algorithm performs well in most cases. Although some indicators are not
optimal results, they are basically close to the most advanced methods. This shows that our method can make
better use of time series information, and has certain advantages and generality.

Table 1. Entity Prediction.

Dataset YAGO11K WikiData12K

Metric
Mean Rank Hits@10 (%) Mean Rank Hits@10 (%)

Head Tail Head Tail Head Tail Head Tail

TransE 2020 504 1.2 4.4 740 520 6.0 11.0
TransH 1808 354 1.5 5.8 648 423 11.9 23.7
HolE 1953 1828 13.7 29.4 808 734 12.3 25.0
t-TransE 1692 292 1.3 6.2 413 283 14.5 24.5
HyTE 1069 107 16.0 38.4 237 179 25.0 41.6

SEDE 745 151 18.2 42.0 258 158 31.7 59.9
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4.4 Relation Prediction

This task is to predict the missing relation between two entities. We randomly remove the relation of test correct
triple (h, r, t, time), and then we predict the part which we remove. It also uses MeanRank and Hits@1 to evaluate
algorithm. This task pays more attention to deal with the relational contradiction between two entities at different
time snapshots.

Table 2. Relation Prediction.

Dataset YAGO11K WikiData12K

Metric Mean Rank Hits@1 (%) Mean Rank Hits@1 (%)

TransE 1.7 78.4 1.35 88.4
TransH 1.53 76.1 1.4 88.1
HolE 2.57 69.3 2.23 83.96
t-TransE 1.66 75.5 1.97 74.2
HyTE 1.23 81.2 1.13 92.6

SEDE 1.20 89.0 1.11 97.4

Table 3. Example of Qualitative Results on relation prediction for YAGO

Test quadruples right answer SEDE TransE

Jack Lemmon, ?, Los Angeles,[2001,2001] diedIn diedIn wasBornIn

John Fante, ?, Los Angeles,[1983,1983] diedIn diedIn wasBornIn

Robert Trent Jones, ?, Timuquana Coun-
try Club,[1948,Unknown]

created created owns

James Goldman, ?, Chicago,[1927,1927] wasBornIn wasBornIn worksAt

Xavi Moro, ?, FC Barcelona
B,[1996,1998]

playsFor playsFor created

Diogo Tavares, ?, Lisbon,[1987,1987] wasBornIn wasBornIn created

Sidney Howard, ? ,Pulitzer Prize for
Drama,[1925,Unknown]

hasWonPrize hasWonPrize wasBornIn

John S. Waugh, ?, Dartmouth Col-
lege[1949,Unknown]

graduatedFromgraduatedFromisAffiliatedTo

Similarly, in this scenario, we show the improvement to the relation prediction. The results report in Table 2.
Our algorithm improve the precision about 10%. In most cases, we can better predict the missing relationship.
SEDE can also deal with the contradiction of time information better. From Table 3, we show some representative
examples of contradiction. For example, TransE predict (Jack Lemmon, ?, Los Angeles,[2001,2001]) has wasBornIn
relation, but the true relation is diedIn. That because wasBornIn and diedIn behave similarly for a relationship
between people and places.
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4.5 Graph Visualization

In this part, we test if our model could introduce time information into dynamic knowledge graph embeddings and
reflect embedding vectors into a common space. We use T-SNE method to map nodes at different times into a
2-dimensional graphs to compare their distribution.

(a) WikiData TransE (b) WikiData SEDE (c) YAGO TransE (d) YAGO SEDE

Fig. 3. Visualization of Embeddings

(a) WikiData 4973 (b) WikiData 953 (c) YAGO 7653 (d) YAGO 5198

Fig. 4. Drift of Entity Embeddings

Distribution results are in Fig 3. In the figure, different colors represent different time snapshots. (a) and (c) are
mapping based on TransE embedding results, while (b) and (d) are mapping based on SEDE embedding results. It
can be clearly seen from the figure, our method can map entity embeddings into common space. This means that
we can compare and mine embeddings for the same entity at different times. As to single entities, which result in
Fig 4, we map the same entities on different snapshots into 2-dimensional graph and connect them according to
time. SEDE has apparently more stable and smooth results compared with TransE. The unstability and disorder
of the path indicate the excessive drift of the entity information, which means that the entity embeddings can not
be easier studied and mined through time.
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5 Conclusion and Future Work

In this paper, we propose a method for dynamic knowledge graph embedding. SEDE introduces the idea of semantic
evolution to solve the problem about how to relate the embedding on different snapshots. Our experiments prove
the effectiveness of SEDE on evaluation tasks, such as entity prediction, relation prediction and graph visualization.

There are several directions of dynamic knowledge graph embedding in the future. In future, we try to propose
a framework to integrate time information with static knowledge graph embedding algorithm. In addition to model
improvement, we can also pay more attention to time and space complexity. After all, the addition of temporal
information greatly increases the complexity of the algorithm.
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Abstract. The Extreme Gradient Boosting (XGBoost) is defined as an implementation of gradient boosted
decision trees and it has been performing well in several applications and in online competitions. The XGBoost
parameters should be carefully selected when XGBoost is used in applications. This paper proposes a general
framework for selecting machine learning algorithms parameters and deploys it over the XGBoost. The Particle
Swarm Optimization (PSO) algorithm was utilized to select the XGBoost parameters. The proposed method
was deployed over a monthly rainfall prediction task. The method was extensively explored by investigating
the effect of two PSO attributes: number of particles and iterations. The results demonstrated the applicability
of PSO in finding the best solutions in the available search space in parameters selection tasks. The results
have also shown that the XGBoost with PSO can be utilized as an efficient forecasting algorithm.

Keywords: Extreme Gradient Boosting · Parameters Selection · Machine Learning

1 Introduction

Machine learning algorithms have been widely used in several domains such as finance, health, engineering, etc [1–6].
They have been investigated in almost every domain where sufficient amount of data can be obtained. Based on
available data, various algorithms are usually examined.

Several machine learning algorithms have been widely used and investigated in weather related applications
[7–9]. This includes the Support Vector Machine (SVM) [10], Multi-Layer Perceptron (MLP) [11], Convolutional
Neural Networks (CNN) [12], etc. In addition, ensemble methods have been proposed to forecast rainfall and other
attributes [13,14]. The ensemble requires more time and computational infrastructure to be implemented.

Each machine learning algorithm has a set of parameters that effect its performance. Tuning those parameters
could be time consuming and may not lead to the best performance with random search approach, where parameters
are randomly selected and deployed to train the machine learning algorithm.

Another approach to select the parameters is grid search, where all the possible combinations of parameters are
examined and the best model is selected. This method is widely used in building machine learning algorithms. It
guarantees the best solution being obtained, but it is time consuming and computationally intensive. The type of
the machine-learning algorithm also affects the time required to build it.

The extreme gradient boosting decision trees is an ensemble, where the weak learners are decision trees. The
XGBoost is an implementation of gradient boosting decision trees and it was presented in [15]. Boosting is an
ensemble mechanism, where multiple weak learners are combined to generate a strong model. With boosting, the
trees of the ensemble are developed sequentially where a new tree models the errors from previously trained decision
trees. The XGBoost facilitates designing the boosted decision trees. Several parameters are usually investigated
to build the XGBoost: maximum depth of the child, number of estimators, learning rate, objective, etc. These
parameters affect the training process, therefore the overall model performance.

Reasonable performance was recorded when using this tool in different domains [16–18]. Zhang et al. proposed
a method for detecting faults in wind turbines by using the random forest ensemble and the XGBoost [19]. The
random forest was applied first to select significant features for fault detection. The XGBoost was then trained
with the best performing features. The models were then used to detect 10 types of faults. The authors compared
their outputs to random forest and support vector machines, where better accuracy was obtained. Abbasi et al.
utilized the XGBoost to forecast electricity load [16].The records were gathered from the Australian Energy Market
Operator (AEMO), where 75% were selected for training and the rest for testing. Mean Absolute Percentage Error
(MAPE) and Mean Absolute Error (MAE) were calculated to assess the performance of the model. The authors
reported that the XGBoost did not perform well with high electricity loads. The results were presented without
being compared to alternative approaches. Chang et al. proposed an XGBoost based model for credit card risk
assessment [17]. The XGBoost parameters were statically assigned to build the binary classification model. The
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authors compared their model to other machine learning algorithms, where higher performance was observed with
the XGBoost.

The efficiency of the XGBoost is clearly demonstrated in various applications. Most of the work reported in
literature selects the XGBoost parameters through random or grid search. With various applications (especially
in the industry), the tasks are assigned within a small time frame. Grid search becomes expensive in this type of
situations. In other applications, infrastructure support could be low. For this reason, running the grid search could
reveal certain memory exceptions.

Several types of algorithms have been utilized to design machine learning algorithms. The main purpose of using
such algorithms was to find the best solution based on available data and algorithm parameters. This included
swarm algorithms such as the particle swarm optimization and evolutionary algorithms such as the genetic algorithm
[20–23]. Various characteristics of the machine learning models were optimized. This included parameters, input
features, and weights [24–27]. Furthermore, these algorithms were utilized to select the optimal combination of
algorithms, so that when combined the best ensemble is generated [14].

This study proposes and evaluates a new approach for selecting the XGBoost parameters. In addition, the
applicability of the XGBoost in predicting monthly rainfall compared to other machine learning algorithms is
analysed. The main contributions of this paper are as follows;

1. Investigate a swarm based method for selecting the XGBoost parameters
2. Provide a comprehensive investigation of the proposed approach
3. Detail the efficiency of the XGBoost in building weather prediction models
4. Analyse the performance of the model against alternative techniques

This paper is organized as follows. Section 2 illustrates the proposed approach. Section 3 describes the dataset,
presents experimental results and comparative analysis. Section 4 derives concluding remarks.

2 Proposed Approach

Fig. 1. Building machine learning algorithms overview.

2.1 Parameters Selection

Data represents a crucial part for building models. In addition, the selection of the parameters heavily affects the
model performance. For any machine learning algorithm, various number of parameters should be assigned before
the training process. As shown in Fig 1, the target is to find the model ϑ, which will lead to the best performance.
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Let H be the set representing all the possible parameters of the machine learning model ϑ. H is partitioned into
multiple subsets H =

{
H1, H2, . . . ,Hn

}
, where n is the number of parameters required to train the model. For

each Hi, where 1 ≤ i ≤ n, various possibilities belonging to same parameter type are available for selection. One
element is usually selected from each subset and assigned to ϑ. ϑ is then trained and accuracy is measured.

Let h =
{
h1
a1
, h2

a2
, . . . , hn

an

}
, hi

ai
∈ Hi, where (1, 1, . . . , 1) ≤ (a1, a2, . . . , an) ≤ (t1, t2, . . . , tn) , ti is the total

number of elements in each subset Hi, 1 ≤ i ≤ n. The target is to find the indices (a1, a2, . . . , an), so that when h
is assigned to ϑ for training, the best possible performance is obtained.

The total number of parameters combinations can be represented as a search space. Each value in the search
space designates a possible combination of parameters for training the machine-learning model. Each parameter
represents a dimension in the search space and the size of the dimension is represented as the number of possibilities
that can be selected for this parameter. The number of the combinations in the search space is the product of the
number of elements in each group

∏n
i=1 ti, where ti is the size of a subset Hi.

To find h =
{
h1
a1
, h2

a2
, . . . , hn

an

}
, a swarm based approach is proposed and followed when building the machine

learning model.

2.2 Swarm based Approach

Fig. 2. Selecting XGBoost Parameters using Particle Swarm Optimization (PSO).

We propose selecting the machine learning algorithm parameters by incorporating the PSO algorithm as shown
in Fig 2. The PSO is a swarm based algorithm that imitates natural movements. The PSO doesn’t require details
about the problem under consideration. It was considered in this approach to find the best set of parameters (h).

The machine learning algorithm ϑ maps the multi-dimensional space Rn to a one-dimensional space R (Rn → R).
Rn is the total number of combinations of the machine learning algorithm possible parameters, n is the number
of dimensions in the search space (number of parameters to be selected). R represents the results space for the
combinations based on an evaluation metric. The PSO selects the best coordinates in the Rn dimensional space, so
that when the mapping function ϑ is applied, the optimal value in the R dimension space is obtained.

The swarm elements are called ‘particles’ and represent possible solutions in the search space. The PSO is
applied for a specified number of iterations and stops based on several criteria. These criteria are determined as the
best solution being found, number of iterations passed a certain value,etc.
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Each particle i in the swarm S has two characteristics: position (Pi) and velocity(Vi). The position represents
a set of the machine-learning algorithm parameters, and the velocity determines the way the particle traverse the
search space over each dimension (parameter). The position vector Pi is represented as Pi = {P 1

i , P
2
i , . . . , Pn

i },
where P d

i represents the particle position in the dimension d, 1 ≤ d ≤ n, n is the number of dimensions. The velocity
vector Vi is represented as Vi = {V 1

i , V
2
i , . . . , V n

i }, where V d
i designates the particle velocity in the dimension d,

1 ≤ d ≤ n, n is the number of dimensions.
Each particle holds details about two key attributes: its local best position (Pb) in the search space and the best

global performing particle in the search space (Pg). Each particle is compared to its local best and to the global
best in each iteration. If better solution is obtained, the local best and/or global best are updated. This process
continues until reaching a stopping criterion. The particle position and velocity for each dimension d, 1 ≤ d ≤ n,
are updated as follows;

V t+1
id = wV t

id + c1r1
(
P t
bid
− P t

id

)
+ c2r2

(
P t
gid
− P t

id

)
P t+1
id = P t

id + V t+1
id

Where V t
id is the velocity of the ith particle in dimension d in iteration t, P t

id is the position of the ith particle in
dimension d in iteration t, P t

bid
is the best position achieved by the particle up to iteration t in dimension d, P t

gid
is the

best solution the particles in the swarm has achieved up to iteration t in the dimension d, r1 and r2 are two random
numbers, w is the inertia weight, c1 and c2 are the cognitive and social parameters. The particles traverse the search
space until achieving the stopping criteria. The elements in the global best Pg, where Pg =

{
P 1
g , P

1
g , . . . , Pn

g

}
, P i

g

is the global best position in dimension d, will be assumed as the indices (a1, a2, . . . , an) of the vector h .

3 Experiments and Results

3.1 Data

The proposed approach was deployed over a monthly rainfall prediction task. Innisfail, an Australian suburb, was
selected to perform the prediction task. The Bureau of Meteorology (BOM) saves precipitation historical values.
These records were collected as monthly values from a selected weather station.

Rain is an effect of fluctuations of several local and global climatic weather conditions. Rain alterations occur
due to these fluctuations. Hence, several local and global numerical representations of weather conditions were
gathered and included as input features. With this process, it was assumed that the machine learning algorithm
will learn to estimate the actual amount of rainfall based on patterns in the input features. These features were
mean maximum temperature, mean minimum temperature, Southern Oscillation Index (SOI), Nino 1.2, Nino 3.0,
Nino 3.4, Nino 4.0, Dipole Mode Index (DMI), Inter-decadal Pacific Oscillation (IPO), Tripole Mode Index (TPI),
North Pacific Oscillation (NPO). In addition, a solar attribute (sunspots) was gathered and collected. These features
were collected from multiple online resources: BOM, Solar Influences Data Analysis Center (SIDC), Earth System
Research Laboratory (ESRL), Climate of the 20th century (C20C), and Royal Netherlands Meteorological Institute
Climate (KNMI).

3.2 Data Pre-processing

Records with missing values were observed in the collected data. These values were replaced by records collected
from nearby locations or by the average value. The records were modified to have the same start and finish time.

The rainfall prediction model was designed to release a predicted rainfall amount to be encountered over a specific
location in the next month. Data were shifted so that lagged values of rainfall conditions and other predictors were
used to estimate the monthly values. The lagged rainfall values up to one year were used to as input features (t− 1,
t− 2, t− 3, . . . , t− 12). Lagged features at time t− 1 and t− 12 for other input features were created. In addition,
we proposed two binary features to represent peak values of rainfall at time t− 1 and t− 12.

The sample consisted of 1248 observations between January 1909 and December 2012. The first 1104 records
were used to build forecasting model, while the remaining 144 were used for testing (latest 12 years).

3.3 Evaluation Metrics

The actual amount of rain was targeted in this study. Three statistical measurements were calculated to assess
the performance of the models: Mean Absolute Error (MAE), Root Mean Squared Error (RMSE), and Pearson
correlation (r).
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3.4 Grid Search

The grid search approach was applied first, where all the possible combinations were examined. Four parameters
were tuned: objective, learning rate, maximum depth, and number of estimators. Two attributes were used with the
objective parameter: ‘linear’, ‘tweedie’ (usually used in regression applications). The learning rate varied between
0.01 and 0.2 (20 possibilities 0.01,0.02, 0.03,..., 0.2). The maximum depth varied between 1 and 10, while the number
of estimators varied between 20 and 70 representing 51 possibilities. The other parameters such as gamma were
assigned to default values. The total number of combinations was 20,400 possibilities. Due to the nature of the
problem, the search space was rounded to integers (small differences doesn’t affect quality of the model).

When building a machine learning model, the data is trained, validated and tested. The model is typically
selected based on the performance over training/validation portion. The model is finally examined over the hold-
out sample. To maintain the same criterion, the grid search method targeting allocating the models with the lowest
RMSE over the validation dataset.

The search spaces contained 11 solutions with same minimum RMSE and are shown in Table 1. This represented
0.0539% of the search space. All the models with a RMSE of 171 over the validation dataset were from the last
25% of the examined models. The time taken to deploy the grid search method was 7991.511 sec. The average time
consumed to train each model was 0.391 sec. The XGBoost model is known as one of the fastest models in the
machine learning area. Taking into consideration the selection of an alternative model (CNN, MLP), this approach
could have taken weeks to be deployed.

Table 1. Parameters of the best solutions in the search space.

Objective Learning Depth Estimators

tweedie 0.11 2 55

tweedie 0.11 2 56

tweedie 0.11 2 57

tweedie 0.15 2 38

tweedie 0.15 2 39

tweedie 0.16 2 36

tweedie 0.16 2 37

tweedie 0.16 2 38

tweedie 0.16 2 40

tweedie 0.17 2 36

tweedie 0.17 2 37

As shown in Table 1, the same objective function was selected with all the optimal models. In addition, the
same depth was obtained with all the models. It was also noticed that the number of estimators is always greater
than 35. Furthermore, increasing the learning rate should be applied while decreasing the number of estimators of
the XGBoost algorithm. These recommendations can be utilized while building models in future work.

3.5 Selecting the XGBoost Parameters using PSO

The PSO algorithm was selected to conduct the experiments. PSO parameters c1, c2, and w were selected as 0.5, 0.3,
and 0.4 respectively.The fitness function measured the RMSE for each particle in each iteration over the validation
dataset.

Four XGBoost parameters were examined as a part of this study: objective, learning rate, max-depth, and number
of estimators (same as grid search). Hence, the search space consisted of 4 dimensions. Numerical representations
were mapped to parameters. The objective parameter varied between 0 and 1 only representing ‘linear’ or ‘tweedie’.
The learning rate varied between 0.01 and 0.2. The max depth varied between 1 and 10, while the number of
estimators varied between 20 and 70 representing 51 possibilities. Table 2 summarizes the parameters ranges.

The proposed approach was applied by varying the number of particles (5, 10, 20, 40) and number of iterations
(20, 50):

– Case 1: 5 particles, 20 iterations
– Case 2: 5 particles, 50 iterations
– Case 3: 10 particles, 20 iterations
– Case 4: 10 particles, 50 iterations

– Case 5: 20 particles, 20 iterations
– Case 6: 20 particles, 50 iterations
– Case 7: 40 particles, 50 iterations
– Case 8: 40 particles, 50 iterations
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Table 2. The lower and upper bound of each dimension for each particle.

Parameter Lowest bound Upper bound Number of possible variations

Objective 0 1 2

Learning 0.01 0.2 20

Depth 1 10 10

Estimator 20 70 51

Total 20400

This has resulted 8 case studies. For each case study, the PSO algorithm was applied 10 times . The number
of times a best solution is found for each case study (out of 10 optimizations) is shown in Fig 3. A global best
solution was found in 7 out of the 10 times having 20 or 40 particles in the swarm when applying 50 iterations. The
average time consumed in each optimization based on each combination is shown in Fig 4. The higher the number
of particles and number of iterations, the more the models to be examined in each optimization.

Fig. 3. Number of times the global best is found for each combination of particles and iterations (out of 10 runs).

Fig. 4. Average duration (sec) taken to select the XGBoost parameters for each combination of particles and iterations.

3.6 Comparative Analysis

An XGBoost model that was selected as the global optimum through the proposed approach (171 RMSE over the
validation dataset) was tested and evaluated over the hold-out sample. The proposed approach was compared to
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climatology, MLP, and a One-Dimensional Convolutional Neural Network (1D-CNN) presented in [12]. Climatology
is a reference model, which is based on average. The monthly average is calculated for each month over the train-
ing/validation portion, and then new estimations over the hold-out sample are assumed to be the same monthly
average each year.

The MAE, RMSE, and r values of each model are shown in Table 3. The lower the MAE and RMSE, the better
the forecasts. The XGBoost model performed well better than climatology. Higher accuracy was obtained compared
to the MLP. Slightly better accuracy was shown compared to the 1D-CNN. The results show that the XGBoost
can reveal comparable accuracy compared to other machine learning algorithms within a shorter duration.

To investigate further, we tried to build the XGBoost model through random search. With random search,
the four parameters were randomly selected. The maximum number of attempts was selected to 1000 (so that the
maximum number of models will be similar to the 6th case study, which reported the best performance in terms of
duration). A random search approach was deployed 10 times for selecting the best solution randomly up to 1000
attempts. A global solution (minimum value over the validation sample) was found in 3 out of 10 optimization’s,
while in PSO it was found in 7 out of the 10. Similar duration was taken to perform the optimization task as in
PSO based method.

The grid search approach has shown that the XGBoost is effective with this type of applications. Various
combinations of attributes revealed reasonable performance. This enriched the search space in both random search
and PSO based search. The accuracies were not significantly different. The purpose of this study was to show the
efficiency of XGBoost in estimating monthly rainfall and the efficiency of PSO in selecting the parameters of the
XGBoost.

Table 3. MAE, RMSE, and r for each model.

Model MAE RMSE r

Climatology 146.326 200.474 0.688

MLP 120.674 158.074 0.843

1D-CNN [12] 114.654 142.133 0.868

XGBoost 110.73 141.505 0.858

4 Conclusion

This paper proposed and evaluated a new approach for selecting the parameters of the XGBoost. The particle
swarm optimization algorithm was utilized to search for the optimal parameters that will reveal the best prediction
accuracy. The swarm algorithm attributes were explored and analysed. It was noticed that the number of iterations
affect the performance of the model more than the number of particles. We showed that the swarm based selection is
useful for selecting machine learning algorithms parameters, specially since it is treated as a black box problem. This
approach is applicable in several cases where time and infrastructure represents a dilemma. In future research, the
effect of PSO attributes such as the inertia weights, cognitive and social parameters will be analyzed. Furthermore,
new optimization algorithms will be investigated.Finally, other parameters will be included in the selection process.
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Abstract. Graph matching is a fundamental problem in information science and artificial intelligence,
and can be applied to various data with structural characteristics. Approximate methods are necessary
for most graph matching tasks due to their NP-complete nature. The continuous relaxation scheme offers
an efficient approximate solution, whose performance can be improved by well tackling the nonconvexity
of the objective function. Targeting at this problem, this paper proposes an efficient graph matching
algorithm using adjacency matrix based graph matching model and generalizing Gaussian smoothing to
approximately optimize it. Consequently, the proposed method can better reshape the objective function in
the optimization process than existing algorithms, and meanwhile enjoy comparable efficient computation
and storage. Experiments on both synthetic dataset and real-world image dataset validate the effectiveness
of the proposed method.

Keywords: Graph matching, Gaussian smoothing, graduated optimization, adjacency matrix, graph al-
gorithm

1 Introduction

Graph matching aims at finding an optimal set of vertex assignments between two graphs, which includes
both the vertex difference and edge inconsistency. It is a fundamental problem in information science and
artificial intelligence, and can be applied to various data with structural characteristics [4], such as computer
vision data [2], chemical data [17], biological data [1], social network data [4], etc.

Graph matching is usually mathematically formulated by the quadratic assignment problem (QAP), which
is known to be NP-complete [24, 25]. Therefore researchers mainly focus on efficiently finding an approximate
solution by introducing certain relaxations.

In previous work [23], a path following (PF) algorithm is proposed by Zaslavskiy et al in 2009. It introduces
the convex relaxation and concave relaxation function to objective function. And the continuous solution would
automatically approach the discrete domain following a path by adjusting the parameter between the two
functions. However, this method needs to construct the two complex functions explicitly. Based on PF algorithm,
the graduated nonconvexity and concavity procedure (GNCCP) [10] is proposed in 2014. But GNCCP can realize
the convex and concave procedure implicitly by adjusting a simple additional quadratic term and reshapes
the objective function without considering its own form. The best choice for the convex (concave) relaxation
function should be the convex (concave) envelope of original objective function, among infinite types of convex
relaxations. But generating envelope would introduce a large amount of calculation. Gaussian smoothing is an
optimal approximation for the envelope under certain conditions [14]. Yang et al [19] proposed a continuation
method based on Gaussian smoothing which can be used to solve the regularized objective function of the
combinatorial optimization problem in graph matching directly.

Inspired by the above observations, this paper targets at the adjacency matrix based graph matching model,
and generalizes Gaussian smoothing to approximately optimize it. Consequently, the proposed method bet-
ter reshapes the objective function in the optimization process without complex and specific deductions, and
meanwhile enjoys comparable efficient computation and storage with the PF and GNCCP. The contributions
are two-fold. First a regularized function incorporating the adjacency matrix based objective function and the
combinatorial constraints is constructed for the application convenience of Gaussian smoothing, and second
some closed-forms of functions in the Gaussian smoothing process are deduced.

The proposed method is loosely related to the PF and GNCCP, as they all use the adjacency matrix
based model and graduated optimization. It is related to the Gaussian smoothing works from the optimization
perspective [13–16]. Besides, our previous work also adopts Gaussian smoothing [20], which is applied to a
different model.

The remaining manuscript is organized as follows: section 2 introduces the related works; The formulation
of the adjacency matrix based model is first introduced in section 3, together with regularized function; The
Gaussian smoothing based optimization process is introduced in section 4; After experimental evaluation in
section 5, finally section 6 concludes the paper.
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2 Related Works

Graph matching is known as an NP-hard problem which can be solved by approximate method. The con-
tinuous relaxation scheme forms an important group of approximate methods, which typically first relaxes the
combinatorial constraints to be continuous, and then projects the continuous solution to the discrete domain.
However, finding the optimum, or even the local optimum, of the relaxed continuous optimization problem is
still a challenging problem, because of the high nonconvexity of the objective function.

Zaslavskiy et al proposed the path following (PF) algorithm [23] which used an adjacency matrix based QAP
formulation, i.e. Koopmans-Beckmann¡s QAP, and achieves state-of-the-art performance and high computation
and storage efficiencies. Specifically, it involves an O(N3) computational complexity which is the same com-
plexity with the multiplification operation between two adjacency matrices, and an O(N2) storage complexity
which is the same complexity with storing an adjacency matrix [12], where N is the vertex number. To tackle
the nonconvexity, the PF algorithm construct a new objective function where the convex and concave function
is combined by a parameter. And as the parameter decreases, the continuous solution would automatically
approach the discrete domain following a path. The advantage of this graduated optimization procedure is the
usually better discrete solution, because the projection to the discrete domain is supervised by the (relaxed)
objective function. The disadvantage is the complex and specific deductions of the convex relaxation function
and concave relaxation, which can hardly be generalized to other cases.

The graduated nonconvexity and concavity procedure (GNCCP) [10], proposed by Liu et al in 2014, avoids
the complex and specific deductions by introducing a simple additional quadratic term. By adjusting the weight
parameter of the quadratic term, the convex combination of the convex relaxation function and concave re-
laxation function is realized implicitly. This GNCCP actually provides a general combinatorial optimization
framework, as its concise form makes it relatively easy to generalize to other combinatorial optimization prob-
lems, e.g. MAP on MRF [11]. It also can be applied to high order objective functions beyond the quadratic one.
The cost of the simple form is that the additional term becomes independent from the objective function. Re-
cently Mobahi and Fisher III proved that Gaussian smoothing can offer the optimal envelope of the nonconvex
function approximately under certain conditions [14]. Based on the Gaussian smoothing, a continuation method
is proposed to solve the objective function which is regularized by lagrange multiplier techniques directly.

3 Formulation Based on Adjacency Matrix

A labeled weighted graph G = {V,E, L,W} of size N consists of a vertex set V = {1, 2, · · · , N}, an edge
set E ⊆ V × V , a vertex label set L = {l1, l2, · · · , lN}, and an edge weight set W = {w1, w2, · · · , wP }, where P
denotes the edge number. A vertex label li ∈ R|l|×1 may be a real number or real vector describing the attribute
of the vertex i, where |l| is its dimension. An edge weight we ∈ R|w|×1 describes the attribute of the edge e = ij,
or say the link between vertices i and j, where |w| is its dimension. The operation on a graph is generally
realized by the exploration of the matrix associated with the graph. Weighted adjacency matrix is a common
choice, which puts the edge weights of a graph into arrays. We take one-dimensional weight for instance, i.e.
w = 1, which can be easily generalized to multi-dimensional case. The weighted adjacency matrix G associated
with G is

Gij =

{
we, if an edge e exist between vertices i and j,

∞ otherwise.
(1)

In this paper we only consider undirected graph matching as in [7,23], and therefore G is a symmetric matrix.

The matching between two graphs G and H means finding a set of assignments between the two vertex
sets, which considers both vertex label difference and edge weight inconsistency. These assignments can be
represented by an assignment matrix X ∈ {0, 1}N×N , where Xia = 1 means assigning the vertex i in G to the
vertex a in H. Usually the one-to-one matching constraint is incorporated, which requires that a vertex in G
can be at most assigned to at most a vertex in H, and with this constraint X becomes a permutation matrix,
that is

X ∈ Ω :=

{
X|Xia = {0, 1},

∑
i

Xia = 1,
∑
a

Xia = 1,∀i, a.

}
(2)

The assignment matrix X can be obtained by the following combinatorial optimization problem:

minD(X) = αDL(X) + (1− α)DW (X) (3)

s.t. X ∈ Ω,
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where DL(X) and DW (X) respectively measure the vertex label difference and edge weight inconsistency, and
weight parameter α is used to balance the two terms. The front term can be directly formulated by a linear
term by

DL(X) = tr(LTX), (4)

where tr(·) denotes the matrix trace operation. The matrix L ∈ RN×N stores the pre-calculated label difference
measures between all the vertices in G and H, and taking the Euclidean distance for instance there is

Lia = ‖lGi − l
H
a ‖2, (5)

where ‖ · ‖2 means the L2 norm. For the latter term DW (X), many graph matching algorithms choose to
directly pre-calculate the difference measures between all edges in G and H, and store them in a large affinity
matrix [3, 5, 7, 8]. But such a matrix would lead to high computational complexity and storage complexity,
especially when the input graphs are dense. The adjacency matrix based model would significantly reduce both
types of complexity, and it typically takes the following form:

DW (X) = ‖G−XHXT ‖2F , (6)

where ‖ · ‖F denotes the matrix Frobenius norm.
Since DW (X) is a fourth order function with respect to X, the PF algorithm transforms it to a quadratic

function for deduction convenience of the convex relaxation function and concave relaxation function. Specif-
ically, taking advantage of two permutation matrix properties, i.e. ‖A‖F = ‖AX‖F and XTX = I with I
denoting the identity matrix, DW (X) is transformed to

D′W (X) = ‖GX−XH‖2F . (7)

Though D′W (X) is equal to DW (X) when X ∈ Ω, the equality no longer holds when X is relaxed to be
continuous, and it can hardly be figured out how much DW (X) is reshaped by this transformation, not to say
the further convex relaxation and concave relaxation based on D′W (X). The GNCCP directly targets at the high
order objective function DW (X) by implicitly combining the convex relaxation function and concave relaxation
function through a simple additional term, which, however, is independently constructed without cues from
DW (X). The Gaussian smoothing offers an alternative method for the high order term DW (X) with a better
reshaping way in the optimization process.

3.1 Regularized Function

Since Gaussian smoothing is generally applied to the unconstrained continuous optimization problem, be-
fore applying Gaussian smoothing, a regularized function incorporating both the objective function and the
combinatorial constraints is constructed as:

R(X) = D(X) + ζC(X), (8)

where ζ is the regularization parameter. The additional regularization term C(X) is constructed according the
constraints in Ω, which can be divided by

C(X) = C1(X) + C2(X) + C3(X), (9)

where

C1(X) =
∑
i

∑
a

((X2
ia)(Xia − 1)2), (10)

C2(X) =
∑
a

(
∑
i

Xia − 1)2, (11)

and

C3(X) =
∑
i

(
∑
a

Xia − 1)2. (12)

It can be easily verified that the minimal points of C(X) in the unconstrained continuous domain locate and
only locate in Ω, which implies that minimizing C(X) would help push the continuous solution to Ω. Below we
show how to minimize R(X) by Gaussian smoothing.
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4 Optimization by Gaussian Smoothing

The main idea of Gaussian smoothing is to form a sequence of subproblems from a simple one to the original
optimization problem, and the continuous solutions of these subproblems would automatically approach a better
local optimal point of the original optimization problem. The subproblems are formed by convolving R(X) by
an isotropic Gaussian kernel G(X, σ)

R(X) = R(X) ∗G(X, σ), (13)

where the kernel width σ is the same for all the dimensions and one-dimensional Gaussian kernel is

g(Xia, σ) =
1√
2πσ

exp(
‖Xia‖2

2σ2
). (14)

If σ is large enough, the nonconvex parts of R(X) would be smoothed, and the initial simple subproblem becomes
a convex optimization problem. Then by gradually decreasing σ to 0, minimizing R(X) becomes equivalent to
minimizing R(X).

Generating the convolved function for an arbitrary nonconvex function would be computationally expensive.
Thanks to the polynomial form of R(X), there exists closed-form for R(X). First R(X) can be divided into

R(X) = D(X) + ζC(X), (15)

which two terms are respectively the convolved functions of D(X) and C(X). To get the closed-form of the
convolved function D(X), the high order term DW (X) in D(X) needs first to be expanded, which begins with

DW (X) = ‖G−XHXT ‖2F =
∑
i

∑
j

(Gij −
∑
a

∑
b

XiaHabXjb). (16)

Then it is further expanded to the sum of all polynomial terms, and the Gaussian smoothing operation is applied
to each of these terms. Omitting the deduction details, the final convolved function DW (X) after reorganization
to the matrix form is

DW (X) = ‖G−XHXT ‖2F +Nσ2tr
(
X(HHT + HTH)XT

)
+ σ4‖H‖2F . (17)

If the reader would like to make more investigations in the above deduction, one should note that the fourth
order term with respect to a single variable Xia is not considered in the deduction, where we make use of
the characteristics of G and H that their diagonal terms are all 0. To be more specific, the only case there
exists a fourth order term with respect to the single variable Xia is when i = j and a = b, and meanwhile the
corresponding polynomial term is always 0 by substituting Gij = 0 and Hab = 0 into (17). Since the third term
σ4‖H‖2F in DW (X) is a constant with respect to X, it can be ignored in the later optimization process. The
convolved function DL(X) of the linear term is exactly DL(X) itself. After removing irrelevant constant there
is

D(X) = D(X) +Nσ2tr
(
X(HHT + HTH)XT

)
= D(X) + 2Nσ2tr

(
X(HHT )XT

)
. (18)

The second equation holds because of the undirected assumption mentioned above. Similar to [20], in the
deduction of C(X), after the constant removal there is

C1(X) = C1(X) + 6σ2
∑
i

∑
a

(Xia(Xia − 1)), (19)

and

C2(X) = C2(X), C3(X) = C3(X). (20)

To sum up, finally there is

R(X) = R(X) + 2Nσ2tr
(
X(HHT )XT

)
+ 6ζσ2

∑
i

∑
a

(Xia(Xia − 1)). (21)

It can be proved that in (21) the latter two additional terms are convex with respectively to X. Specifically,
in the second term, there is

tr
(
X(HHT )XT

)
= vec(X)T (INN ⊗ (HHT ))vec(X), (22)
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where vec(X) is the row-wise replica of X, the matrix INN ∈ {0, 1}N×N is an identity matrix, and the operation
⊗ is the Kronecker product between two matrices. Since H is a symmetric matrix, HHT is a positive semi-
definite matrix. Therefore INN ⊗ (HHT ) is positive semi-definite, as the Kronecker product between symmetric
positive semi-definite matrices is also positive semi-definite [6]. Given that N and σ are nonnegative, the second
term is thus a convex function. The third term is also convex as each polynomial term Xia(Xia− 1) in the sum
is convex.

The sequence of subproblems in Gaussian smoothing process can be obtained by decreasing σ from ∞ to 0.
When σ →∞, minimizing R(X) is equivalent to the following minimization problem:

minR∞(X) = 2Nσ2tr
(
X(HHT )XT

)
+ 6ζσ2

∑
i

∑
a

(Xia(Xia − 1)), (23)

which is a convex optimization problem based on the above analysis. Therefore its global solution exist, which
can be efficiently found by the gradient descent method. In implementation, by initializing X by this global
solution, it only needs to initialize σ to be a large positive real rather than∞. And X for each of the subsequent
subproblems is initialized by the previous local solution, which is also minimized by the gradient descent method.
The gradient for R(X) is

∇R(X) = ∇D(X) + ζ∇C(X) + 4Nσ2XHHT + 6ζσ2(2X− 1NN ), (24)

where 1NN ∈ 1N×N is a matrix with all 1 entries. For ∇D(X) and ∇C(X) there are

∇D(X) = αL + (1− α)(2XH(XTXHT + XHTXT )− 2(GXHT + XHGT )), (25)

and

∇C(X) = 2X ◦ (X− 1NN ) ◦ (2X− 1NN ) + 2(X1NN + 1NNX)− 41NN . (26)

Note in (25) the multiplication XTX is no longer equal to I when it is relaxed to the continuous domain.
The whole optimization process is summarized in Algorithm 1. The computational complexity of the algo-

rithm is the same with PF and GNCCP, which is O(N3), while the storage complexity is as low as O(N2).

Algorithm 1 Gaussian smoothing based optimization

Input: Two graphs G and H;
Output: An assignment matrix X ∈ Ω;
1: Construct adjacency matrices G and H;
2: Initialize X0 by solving the convex optimization problem (23);
3: Initialize σ;
4: while σ ≥ 0 do
5: Solving X∗ = arg minXR(X) by the gradient descent method with the initialization of X0;
6: X0 ⇐ X∗;
7: σ = σ − δ where δ is small positive value;
8: end while

5 Experiments

The proposed method is evaluated on both synthetic dataset and real-world image dataset, by comparing
it with two other adjacency matrix based methods, i.e. the classic Umeyama’s algorithm (Ume) [18] and the
state-of-the-art PF algorithm.

5.1 Synthetic dataset

In this experiment, synthetic points are generated by random sampling with respect to different changing
factors, i.e. noise level, problem scale, and edge density, which are then represented by graphs. The first point
set G = {g1, g2, · · · gN} is generated by sampling each point gi ∈ [0, 1]1×2 from a two dimensional uniform distri-
bution; Then a ground truth assignment matrix Xgt is randomly sampled from the set of permutation matrices;
The second point set H = {h1, h2, · · ·hN} is obtained based on G and Xgt by the following transformation

Ha = gi + η, if Xgt
ia = 1, (27)
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where the additional noise η ∈ N (0, ση)1×2 is sampled from the two-dimensional isotropic Gaussian distribution.
Each point is represented by a graph vertex, the vertex label is not considered in this experiment for a pure
comparison of the graph structure matching performance. The graph structure is built in a sparse manner
following our pervious works [20, 21], i.e. by randomly adding and removing σηP edges in each graph with the
edge number denoted by P .

Three simulations are performed with respect to the three changing factors including noise level, problem
scale, and edge density, with the other two fixed when changing one factor. For the noise level simulation, ση is
increased from 0 to 0.1 by a step size of 0.01; For the problem size simulation, N is increased from 20 to 40 by
a step size of 2; For the edge density simulation, the edge density ρ is increased from 0.1 to 1 by a step size 0.1.
The comparison results are shown in Figure 1. It can be observed that in the front two simulations, the proposed
method achieves comparable or slightly better performance than the state-of-the-art PF algorithm. In the third
simulation, when the edge density is low, e.g. ρ = 0.1 ∼ 0.2, neither PF nor OUR achieve perfect matching,
which implies that the too sparse connections between vertices could not offer enough structural constraints.
Also note that when the vertices are completely connected, i.e. ρ = 1, the matching performances deteriorate
for PF and OUR, which may be because the too many connections further introduce additional error. In the
three simulations, Ume achieves a good performance only when the ση = 0, which means that it is inapplicable
to the noisy situation.
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Fig. 1. Results on synthetic dataset. The left, middle, and right subfigures respectively correspond to the simulations
w.r.t. the noise level, problem scale, and edge density.

5.2 Handwritten Chinese character matching dataset

The proposed method is also applied to a handwritten Chinese character matching dataset. The dataset
consists of 40 images associated with 4 Chinese characters fetched from [9], with 10 images for each character,
as illustrated in Figure 2. The experimental settings generally follow [22]. Specifically, images associated with the
first and third characters are manually labeled with 28 ground truth points, and those associated with the second
and fourth characters are labeled with 23 ground truth points. The shape context feature, a simple descriptor
calculating the point distribution around each point, is used as the vertex label, and the graph structure is built
according to the character skeleton.

Fig. 2. Samples from handwritten Chinese character matching dataset.

ICONIP2019 Proceedings 87

Volume 16, No. 4 Australian Journal of Intelligent Information Processing Systems



The results are shown in Table 1, which validate the state-of-the-art performance of the proposed method.
For the first character PF outperforms OUR, while for the latter three characters OUR achieves comparable
performance with PF. The advantage of the proposed method is that it can be easily generalized to other cases
without specific deduction of the convex and concave relaxation functions. Some matching samples are presented
in Figure 3.

Table 1. Average matching accuracy (%) on images associated with different handwritten Chinese characters.

Character\Algorithm Ume PF OUR

Character #1 15.0 100.0 98.6
Character #2 23.5 100.0 100.0
Character #3 21.2 100.0 100.0
Character #4 37.4 98.3 98.3

Fig. 3. Matching samples on handwritten Chinese character matching dataset. The vertices are in green, and the graph
structures are denoted by yellow lines. The green lines denote correct assignments, while the red ones denote incorrect
assignments.

6 Conclusion

This paper proposes a graph matching algorithm, which could take advantage of the efficiency of the adja-
cency matrix based model and meanwhile well tackle its high nonconvexity. The contributions mainly lie in the
construction of the regularized function and the deduction of the closed-forms of the functions in the Gaussian
smoothing process. Finally, the effectiveness of the proposed method is validated by experiments on synthetic
dataset and real-world dataset.
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