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Abstract. Current research has managed to train multiple Deep Neural Networks (DNNs) in affordable computing time. Then, finding a practical method to aggregate these DNNs becomes a fundamental problem. To
address this, we present an unbiased combination scheme to guide the aggregation of the diverse DNNs models,
by leveraging the Negative Correlation Learning (NCL) and the James-Stein’s Estimator (JSE). The proposed
framework, called the Unbiased Aggregation of Deep Regression Network (UA-DRN), contributes both in the
training phase and the deploy phase. To fast diversify every individual DNNs, we improve the NCL technique
with a cyclic annealing learning rate strategy, instead of training them from scratch. In addition, we adopt the
JSE for model aggregation at the test time. Specifically, the James-Stein’s Estimator (JSE) is non-iteration
and can make an unbiased estimate of regression ensemble, especially the input data corrupted by noise. We
evaluate the proposed UA-DRN framework on several regression tasks and the image denoising benchmarks.
The extensive experiments demonstrate that UA-DRN can consistently improve the regression performance in
term of different quantitative metrics.

Keywords: Deep Neural Networks · Regression Ensemble · Negative Correlation Learning · James-Stein’s
Unbiased Estimator.

1

Introduction

The ensemble of Deep Neural Networks (DNNs) ?? can achieve a significant performance [16] on various machine
learning and computer vision tasks, such as the image classification [18], image denoising [3], crowd counting [33]
and the person re-identification [21]. The most common ensemble strategy on DNNs is the bagging approach [4,
34], which repeatedly trains many DNNs models from scratch and simply averages their outputs at the test stage.
However, training many DNNs is a cumbersome work, which largely limits its practical application.
To improve the ensemble strategy for deep models, recently, the Snapshot Ensemble (SE) [11]proposes to quickly
obtain several local optima CNNs models in one round of training. It is significantly faster than the training time
of the bagging strategy [4]. On the other hand, the curves connecting properties in the landscapes of the CNNs
local optima has been explored [5] for better aggregation. The Fast Geometric Ensembling (FGE) [8] and the
Stochastic Weight Averaging (SWA) [13] strategies try to aggregate different local optima models. They use a onebend polygonal chain function or the Bezier curve to be the pathways. All of these methods have managed to train
multiple deep models in affordable computing time. Technically, they design different procedures for the training
and aggregating phases individually.
In this paper, we further consider the diversity among individual DNNs, which is known to be one key point for
better ensemble performance [16]. To date, some studies try to improve the accuracy of bagging CNNs by diversifying
every CNN models. The Diversity Encouraging Ensemble (DEE) [30] method proposes to set different dropout [26]
rates in different training cycles. By this way, it can diversify the model architecture and enhance the diversity of
obtained deep models to some extent. Another study [23] regards diversity as a form of inverse regularization and
using the Negative Correlation Learning (NCL) [19] algorithm for training. They apply some constraints for the
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In this paper, we discuss two kinds of DNNs: the Multilayer Perceptron (MLPs) and Convolutional Neural Networks
(CNNs).
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DNNs loss function and use the Monte-Carlo sampling to perturb the data in the feature space. The NCL approach
contributes to bridging the degree of diversity and ensemble performance in an explicit formulation.
Another critical issue for bagging DNNs lies in the accuracy of the ensemble output. When current proposed
ensemble methods [4, 11] usually take the simple averaging as the aggregation operation, they can not ensure the
unbiased property of the final estimation. Some recent approaches [17, 25] are proposed to make a more accurate
aggregation, but they adopt an EM-based optimization, which needs many iterations to converge the DNNs. Another
research [3] try to make an optimal combination of DNNs for the image denoising problem. The optimal weighting
parameters of this approach is from Stein’s Unbiased Risk Estimator (SURE) [2], which also requires a repeated
training of DNNs. Considering the high training cost, we propose an iteration-free aggregation approach, by using
the James-Steins Estimator (JSE) [6, 14]. The JSE is close related to the SURE. Both of them can make an unbiased
estimation of regression ensemble, but JSE makes better use of the prior assumption of the noise distribution.
Specifically, we embed the efficient cyclic annealing training (CAT) [17] method to the NCL to fast train the
diverse DNNs. Except considering the ensemble training, we also leverage the JSE method to make an unbiased
ensemble output. We name the proposed framework with The Unbiased Aggregation of Deep Regression Network
(UA-DRN). Figure 1 illustrated the high-level view. It is worthwhile to highlight several key contributions:
– The proposed UA-DRN treats the diversity of individual DNNs as an explicit regularization term. Thus we can
obtain a highly diversified ensemble, by setting the regularization parameter.
– When the deep models usually have high computing cost, the UA-DRN utilize a cyclic annealing learning
rate for training. Besides, the James-Steins’ Estimator makes a non-iteration aggregation. These two designs
significantly speed up the training and deploy phases.

UA-DRN Framework
Define
Diversity
Loss
Input
Data

Unbiased
Aggregation
With

With

Regression
Output

James
Stein’s
Estimator

Negative
Correlation
Learning
Cycle Annealing Training DNNs

Fig. 1. The Unbiased Aggregation of Deep Regression Network (UA-DRN).

2

Model Diversity

How to define and understand the model diversity is still a holy grail problem in the machine learning research.
Although the measurement of model diversity is unsolved yet, the motivation of generating diverse individual learners
is well-accepted [34]. In this paper, we encourage diversity by defining the ensemble loss with the Negative Correlation
Learning (NCL). In this section, we will describe the diversity-related topics, such as the error decomposition and
the NCL for the training of DNNs.
2.1

Diversity and Error Decomposition

There are two popular formulations for the error decomposition of the ensemble models in the machine learning
research [34]. They are the bias-variance decomposition and the error-ambiguity decomposition. In the bias-variance
decomposition, the variance term directly reflects the model diversity. When the variance of the ensemble error is
high, we say the diversity among these individual models is high.
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The error-ambiguity decomposition is different from the bias-variance decomposition. Specifically, the ambiguity
of the individual model fm is defined as ambi(fm |x) = (fm (x) − F (x))2 . Then, the ambiguity of the ensemble model
PM
PM
F is: ambi(F |x) = m=1 wm ·ambi(fm |x) = m=1 wm (fm (x) − F (x))2 .
If we adopt the mean squared error to measure the regression performance, we can have a standard error
function of individual models and the ensemble model. They are defined with error(fm |x) = (fm (x) − y)2 and
error(F |x) = (F (x) − y)2 , where the (x, y) is the dataset of a regression problem, in which x is the input feature
and y is the output value. Then we can have the plug-in expression of ambiguity, which is:
ambi(F |x) =

M
X

wm ·error(fm |x) − error(F |x) = error(f |x) − error(F |x),

(1)

m=1

Intuitively, we can say that the ambiguity measures the disagreement among all the individual models.

2.2

Diversity and NCL

As a training method, the Negative Correlation Learning (NCL) [19] is closely related to the error-ambiguity
decomposition. Rewrite formulation (1) we can find the ensemble error is:
M
M
1 X
1 X
2
(fm (x) − y) −
(fm (x) − F (x))2 ,
(F (x) − y) =
M m=1
M m=1
2

(2)

The first term pushes the output of individual models to the direction of the regression target value y, which makes
the model more accurate for the input feature x. The second term pushes the individual models away from the
ensemble output, which encouraging the diversity.
Due to the explicit representation on the model diversity, NCL method propose to treat the diversity term as a
regularization and train the neural networks with the following loss function:
Lλ (F, x, y) =

M
M
1 X
1 X
(fm (x) − y)2 − λ·
(fm (x) − F (x))2 ,
M m=1
M m=1

(3)

Recently, an important observation [23] of the NCL method is found by plugging in the diversity term of the
equation 2 to the equation 3. Then it will be:
Lλ (F, x, y) = (1 − λ)·

M
1 X
(fm (x) − y)2 + λ·(F (x) − y)2 ,
M m=1

(4)

From this new formulation, we can have a better observation on the trade-off between the individual accuracy and
the ensemble accuracy, which is controlled by the diversity weighting parameter λ.

3
3.1

Unbiased Aggregation for Regression
SURE and JSE

The image denoising is a typical regression problem. Due to the reference image (clean image) is often not available,
we usually use the Stein’s Unbiased Risk Estimator (SURE) to calculate the expected mean square error (MSE)
between denoised image and its reference image [29].
In a recent study [23], the Monte-Carlo based SURE [2] is used for approximate the degree of freedom and
then calculate the diversity of DNNs models. However, the approximation of Monte-Carlo usually relays on more
training iterations of the DNNs, which is not applicable for current deep models. To improve this, in this paper, we
do not use the Monte-Carlo method to perturbs the data feature for the unbiased estimation. Instead, due to the
shrinkage effect of JSE, we only need to make one-time unbiased estimation at the test time.
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James-Stein’s Estimator

In a traditional ensemble procedure among DNNs [4], it is common to aggregate all the individual outputs with
simple averaging. Specifically, assume we need to aggregate n many DNNs to generate an output with total T entry
values. The quantity of interest is every true mean µi of every entry i, (i = 1, ..., T ). The simple averaging method
estimates this true means with the sample mean ȳi , which is obtained from n DNNs:
n

G
µ̂AV
= ȳi =
i

1X
yij ,
n j=1

(5)

where yij (j = 1, ..., n) is the i-th predicted value of the j-th DNNs.
James-Stein’s Estimator (JSE) [14] is proposed to be a shrinkage estimator of the simple averaging, which
estimates the true mean of each entry i with:
µ̂JS
= f + (1 − γ)+ · (ȳi − f ),
i

(6)

PT
PT
where f = T1 i=1 ȳi is the global mean, the shrinkage factor is defined with γ = (T − 3)( i=1 δn2 (ȳi − f )2 )−1 , δi2
i
is the variance on entry i, and (1 − γ)+ = max(0, 1 − γ).
Assume all the outputs of n DNNs on each entry i follows the independent and identically distributed (iid)
Gaussian distribution, such as yij ∼N (µi , δi2 ). The sample averaging can be regarded as a maximum likelihood
estimation [27]. When shrinking the sample means ȳi towards the global mean f . JSE is proved [7] to be a maximum
posterior estimation with one more i.i.d. assumption µi ∼N (f, A), where A is the variance of the prior and can be
computed from the data. When the number of entry is more than two (i.e., T ≥ 3), JSE is usually better than the
simple averaging in terms of MSE [14].
Empirically, the output of DNNs is high bias and low variance [34]. Therefore it is an ideal model for the
bagging strategy and the simple averaging operation. In addition, when the output and the noise follow Gaussian
distribution, JSE is also an alternative aggregation method for the ensemble of DNNs.

Here are 4 different outputs 𝑌⋅𝑗 , 𝑗 = 1, … 4 and 𝑌⋅𝑗 = 𝑦𝑖𝑗 , 𝑖 = 1, … 16.
2.0115 2.1338 2.7265 4.0462

1.2421 2.4586 2.5670 2.9128

4.7493 5.7274 7.1595 8.6703

4.6239 6.4618 5.2952 6.5227

8.5542 6.4574 5.8133 4.3695

8.2804 6.9988 7.0957 4.6148

4.7589 1.8369 2.2179 0.8816

2.2255 2.6471 2.6358 1.6808

1.8326 0.2957 3.7168 3.1524

0.5981 1.3613 2.7974 5.1125

5.5346 6.4695 6.9945 8.4334

6.0967 5.5951 6.8025 7.2807

8.7680 6.9457 7.2001 4.1125

8.4367 9.3939 7.5163 4.7266

5.7549 2.2511 0.9660 1.1212

3.5930 2.9504 0.2678 1.6774
1
4

The Simple Averaging 𝜇Ƹ 𝑖𝐴𝑉𝐺 = 𝑦ത𝑖 = σ4𝑗=1 𝑦𝑖𝑗 gives an aggregated output.
𝐽𝑆

𝜇Ƹ 𝐴𝑉𝐺

The JS estimator 𝜇Ƹ 𝑖 shrinks the average values
1
𝑦ത𝑖 towards the global mean 𝑓 = σ16
ത𝑖 .
𝑖=1 𝑦

𝜇Ƹ 𝐽𝑆

16

1.4211 1.5624 2.9519 3.8060

1.4392 1.5796 2.9610 3.8101

5.2511 6.0635 6.5629 7.7268

5.2467 6.0543 6.5508 7.7079

8.5098 7.4489 6.9064 4.4558

8.4863 7.4316 6.8922 4.4561

4.0831 2.4214 1.5219 1.3403

4.0855 2.4336 1.5394 1.3588

The MSE(𝜇Ƹ , 𝜇) = 0.1839 is lower than MSE (𝜇Ƹ 𝐴𝑉𝐺, 𝜇) = 0.1879.
𝐽𝑆

Fig. 2. A calculating example of the simple averaging (AVG) and the JSE.
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To make a better introduction, we give a calculating example in Figure 2. If we want to predictor a 4x4 matrix
µ from 4 outputs, we can alternatively aggregate them with the simple averaging or James Stein’s Estimator. To
compare the effect of the two ways, we can set µ = [1, 2, 3, 4; 5, 6, 7, 8; 8, 7, 6, 5; 4, 3, 2, 1] and generate 4 matrix by
adding a Gaussian noise N (0, 1) on every entries. Then the JSE will achieve a lower expectation of MSE than the
simple averaging.

4

Unbiased Aggregation of Deep Regression Network

In this section, we will analyze and describe the proposed UA-DRN framework. At first, We will introduce the
Cyclic Annealing Training (CAT) method. Then we show the combination of the CAT and the NCL from the loss
function and the optimization.
4.1

Cyclic Annealing Training

The model architectures of the state-of-the-art CNNs such as ResNet [10] and DenseNet [12] usually have millions
of parameters. A study [15] demonstrated that the more model parameters, the more possible local minima could be
visited in the training process. As the corresponding CNNs models of those local minima make different mistakes,
the ensemble can reduce the error rates significantly. The state-of-art ensemble strategy Snapshot Ensemble (SE)
[11] adopts a cycle annealing training schedule to generate many local minima models.
The Cyclic Annealing Training (CAT) method [20] will generate many local optima CNNs models from a single
training process. Specifically, it abruptly raises the learning rate α and then quickly decreases it with a cosine
function as shown below:
πmod(t − 1, dT /Ce)
α0
(cos(
) + 1),
(7)
α(t) =
2
dT /Ce
where t is current epoch number, T is the total epoch number, α0 is the initial learning rate, and the total training
epochs are divided to equal C cycles.
4.2

CAT and NCL in UA-DRN

The time cost of the CAT procedure is identical to the time required for training a single DNNs, no matter how
large the ensemble size. This advantage is a significant improvement on the practicability of bagging CNNs. To
further improve the diversity of the obtained local minima of deep models, the UA-DRN embeds CAT to train
DNNs with the diversity-encouraging loss function from NCL.
Assume we have an ensemble F = {fm }M
m=1 with the individual model fm chosen from the homogenous DNNs
architecture Fm , which has the parameters θm . Then, each training sample (xn , yn ) will be optimized using the
SGD on the loss function of equation 3. For each iteration, the parameter of current model will be updated as:
θm ← θm − αt ·

∂fm
· ((fm (xn ) − yn ) − λ · (fm (xn ) − F (xn ))),
∂θm

(8)

where the definition of learning rate αt is in the equation 7.
To accelerate the convergence, we can update the learning rate at every iteration rather than at each epoch
[20]. Therefore, when the step size of annealing is every iteration, it is convenient to obtain more local optima deep
models for the ensemble.
4.3

UA-DRN

In this section, we give a detailed description of the proposed Unbiased Aggregation of Deep Regression Network
(UA-DRN) ensemble method.

Algorithm 1 UA-DRN ensemble method
1: Set the ensemble: We choose an individual model from the model zoo (which
includes many different DNNs architectures) and set the model size value M .
2: Train the ensemble: Train the DNNs models with the method described in section
4.2 and we may obtain more than M different local optimal models.
3: Deploy the ensemble: At the test time, we choose M models and make the
unbiased aggregation with the JSE method.
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Theoretically, the proposed UA-DRN method is a plug-in estimator for the Bayes unbiased estimator of the
mean value, which makes the output guaranteed accurate. Empirically, to measure the regression performance
of the proposed UA-DRN framework, we make extensive experiments on several regression tasks and the image
denoising benchmarks.

5

Experiments

In this section, we compare the proposed UA-DRN framework with other recent ensemble approaches, such as the
MC [4] and the SE [11] methods. We also show the diversity analysis, when the diversity parameter λ is different.

5.1

Datasets

We conduct the experiments on several regression and image denoising benchmarks. For the regression tasks, we
use three different UCL regression datasets. The Boston Housing dataset has 506 samples and 13 features; The
Ailerons dataset has 13750 samples and 40 features; and the Wisconsin dataset has 198 samples and 34 features.
For the image denoising, 400 natural images are used to be a training dataset, Set12 and BSD68 are two test
dataset. The Set12 dataset is a collection of widely used 12 images, e.g., Lena, Monarch, and so on. The BSD68
[24] is a dataset which contains 68 natural images from the Berkeley segmentation dataset. The DLD [1] dataset is
a rendering Monte Carlo denoising dataset. It contains 25 pairs of noisy rendering and references rendered images.
All the scenes are from the Disney animation, such as the Finding Dory and Car 3. We also extend the proposed
method on the NYUMR medical image denoising dataset [9].

5.2

Setup and metrics

We design a 5-layer MLPs (with 28-14-14-14-1 neurons for different layers) for the regression experiments. Two
state-of-art image denoising CNNs architectures (DnCNN [31] and FFDNet [32]) are used for the image denoising
tasks. Based on these DNNs models, different ensemble strategies, such as the Multi-Column (MC) ensemble, the
Snapshot Ensemble (SE), and the proposed UA-DRN ensemble, are compared.
To evaluate the performance of regression, we adopt the MSE, PSNR as the quantitative metrics. The PSNR is
defined as 10·log10 ( M 1SE ) if the pixel values are normalized in 0 to 1. We run all of the experiments with Scikit-Learn
[22], and Matconvnet [28].

5.3

Regression Analysis

When the diversity parameter is fixed to λ = 0.5, we conduct the regression experiments for three times, and the
average MSE performance is shown in Table 1. Specifically, to collect 20 MLPs models, in the MC method, we train
MLPs from scratch for 20 times. For the SE and the proposed UA-DRN, we set the CAT parameters C = 5 and
reinitialize the learning rate for 4 times.
Table 1. The MSE values among different ensemble strategy with λ = 0.5.
Ensemble Models Ensemble Strategy

Wisconsin

85.96

5.81×10−8 1982.11

Snapshot Ensemble (SE) 87.66

7.93×10−8 2217.68

UA-DRN Ensemble

3.25×10−8 1820.32

Multi-Column (MC)
20×MLPs

Housing Ailerons

82.48

To further explore the influence of the regularizing diversity parameter λ in the UA-DRN framework. For three
different regression datasets, we conduct the experiments with the same 20 MLPs. The regression performance
is shown in Figure 4, from which we find that encouraging diversity (big λ value) does make a better regression
ensemble.
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Fig. 3. The MSE error value of UA-DRN with λ ranges from 0.1 to 0.9.

5.4

Image Denoising Experiments

Since the aggregation method has an essential influence on leveraging the model diversity to decrease the generalization error, we compare the effect of simple averaging and the JSE, with the training procedure unchanged.
The DnCNN and FFDNet are two state-of-art CNNs architectures for image denoising. We train 50 CNNs
models to make the image denoising task. Table 2 shows the denoising results with the additive Gaussian noise
on Set12 and BSD68. We can find the denoising result of JSE is consistently better than the traditional simple
averaging aggregation method. According to the derivation in section 3.2, we can say that these estimated values
are unbiased, and the improvement is from the shrinkage effects of the JSE.
Table 2. Average PSNR(dB) of different aggregation methods.
Ensemble
Models

Aggregate Noise: µ=2, σ=25
Method
Set12 BSD68 DLD

1×DnCNN

No

28.553 28.072 27.031 30.436 29.228 29.767

AVG

28.581 28.086 27.053 30.483 29.301 30.213

JSE

28.645 28.154 27.097 30.503 29.342 30.247

No

28.559 28.078 27.037 30.443 29.187 29.821

AVG

28.582 28.096 27.058 30.482 29.273 29.971

JSE

28.639 28.156 27.102 30.498 29.304 30.014

50×DnCNNs
1×FFDNet
50×FFDNet

6

µ=0, σ=25
Set12 BSD68 NYUMR

Conclusion

In this paper, we proposed a novel ensemble framework for the unbiased regression with two techniques: the NCL and
the JSE. Using the NCL technique, we can train DNNs by explicitly encouraging the diversity of individual DNNs
models. The JSE method is proposed to be the aggregation method. Theoretically, if the noise follows a Gaussian
distribution, the JSE is a plug-in version for the Bayes unbias estimator of the mean value. The adopted NCL and
JSE are compatible with the existing efficient training methods, such as the CAT method. Our experiments show
that the proposed UA-DRN ensemble is effective and applicable.
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