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Abstract. Research on Multi-View Clustering (MVC) has become more and more attractive thanks to the
richness of its application in several fields. In this paper, we present a novel framework for MVC, inspired by
the Optimal Transport (OT) theory to learn the clusters in each view and compute an ensemble clustering of
all the views in order to form a consensus cluster. We propose two algorithms for this purpose: a Consensus
Projection Approach (CPA) and a Consensus with New Representation (CNR), both based on the entropy
regularized Wasserstein distance and the Wasserstein barycenters between the data distributions in each view.
To validate the approaches, extensive experiments were conducted on multiple data-sets.

Keywords: Multi-view clustering (MVC), Co-training, Subspace clustering, Multi-task learning, Optimal
Transport (OT), Wasserstein/Earth Mover’s distance.

1 Introduction

Unsupervised clustering methods have become recently more and more popular because of their ability to regroup
into clusters unlabeled data based on their similarities. A significant number of new clustering algorithms have been
developed in recent years, and most previous approaches have also been modified and improved. This abundance
of approaches can be explained by the difficulty of proposing generic methods that adapt to all types of available
data. Indeed, each method has a bias induced by the objective chosen to create the clusters. Therefore, two different
algorithms can offer very different clustering results from the same data. In addition, the same algorithm can provide
different results depending on its initialization or its parameter values.

To solve this problem, some approaches propose to use several different clustering results to better reflect the
potential complexity of the data structure [14]. These approaches take advantage of the information provided by
the different results in a significantly different way. Multi-View Clustering (MVC) [21] is a popular and efficient
approach, the aim of which is to form a consistent clustering of the data by combining clustering algorithms applied
on different views of the data, instead of the whole data-set. Each view is usually a description of the data in a
specific feature space, each view with its own set of features. The important characteristic of this method is in the
diversity of the features used in the different views. This diversity guarantees not only a consistent clustering, but
also a better clusters interpretation, thanks to the precision of the clusters representatives in all the views.

In this paper we propose a new approach of MVC based on Optimal Transport (OT) theory [16]. More specifically,
this new approach aims to learn a new data structure from the data distribution on each view, in order to increase
the quality and richness of the clustering result, thanks to OT theory which not only allows us to compare the
distributions, but also allow the transport of information between views to produce a better consensus [15]. We
propose two algorithms for this purpose: A Consensus Projection Approach (CPA) and a Consensus with New
Representation (CNR), both based on the entropy regularized Wasserstein distance and the Wasserstein barycenters
[7] between the data distributions in each view.

The rest of the paper is organized as follows. In Section 2 we present the most important related work to
multi-view clustering, then we briefly introduce some theoretical background of OT in Section 3. Section 4 describes
the proposed approaches and the experimental results on synthetic and real data are shown in Section 5. Finally,
Section 6 concludes the paper and gives a couple of hints for possible future research.

2 Related work

Multi-view learning was introduced in [22] by Yarowsky, were it is applied for word sense disambiguation. Mainly,
the multi-view is represented by two different classifiers: the local context of a word as first view and the senses
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of the other occurrences of that word as a second view. In [2], the authors introduced an approach of co-training
based on two hypotheses trained on distinct views. The algorithm aims to improve the global learning quality of
two classifiers with the highest confidence instances from unlabeled data. This approach requires that the views are
independent.

In [3], a co-EM algorithm was presented as a multi-view version of the Expectation-Maximization (EM) algorithm
for semi-supervised learning. In 2004, Bickel and Scheffer [1] studied the problem where the set of attributes can be
split randomly into two subsets. These approaches seek to optimize the agreement between the views. The authors
described two different algorithms, an EM-based algorithm which gives very significant results and an agglomerative
multi-view algorithm which seems to be less efficient than single view approaches.

It should be noted that there are two principal approaches in MVC. The generative approach is based on the
learning of a mixture model. This model can be used to generate new data from a cluster. On the other hand, the
discriminative approach minimizes a cost function in order to estimate an optimal clustering solution. We must
notice that, up to now, most of the MVC algorithms are based on a discriminative approach, as they shown in the
extensive survey presented in [20].

MVC clustering is also considered as basic task for several subsequent analyses in machine learning, in particular
for ensemble clustering [15], also named consensus clustering or aggregation clustering. The aim of ensemble clus-
tering is to bring all the clusters information from different sources of the same data-set, or from different runs of
the same clustering algorithm, so as to form a consensus clustering that includes all the information. This approach
becomes a framework from MVC when it is applied to a clustering with a multi-view description of the data [14,19].

3 Optimal transport background

Optimal transport (OT) was introduced by Monge in [12] to resolve the problem of resources allocation. The initial
goal of this theory is to move a particle from one point to another in an optimal way, by minimizing the cost of
this move or this transportation. More recently, the Monge problem was relaxed by Kantorovich in [10], where the
problem is transformed to connecting a pair distributions using linear programming.

More formally, given two measures defined on two different spaces, the Monge-Kantorovich problem is to find
a coupling γ defined as a joint probability over the product of the two spaces. In our case, we focus on discrete
measures due to the empirical representation of the distributions. We refer to the book of Villani [16] for more
details on the continuous case and more detailed mathematical studies.

Definition 1. Let Ω be an arbitrary space with D a metric on that space, and P (Ω) the set of Borel probability
measures on Ω. For p ∈ [1,∞) and a probability measures µ and ν in P (Ω), the p-Wasserstein distance [16] is
given by:

Wp(µ, ν) =

(
inf

π∈Π(µ,ν)

∫
Ω2

D(x, y)pdπ(x, y)

) 1
p

(1)

where Π(µ, ν) is the set of the probability measures on Ω2 with µ and ν their marginals.

Here we consider only discrete distributions, represented by empirical measures. Formally, letXs = {xsi ∈ Rn}i=Ns

i=1

and Xt = {xti ∈ Rn}i=Nt

i=1 be two families of points in Ω, their empirical measures being µs = 1
Ns

∑Ns

i=1 δxi
and

µt = 1
Nt

∑Nt

i=1 δyi , respectively defined as a uniform sums of Dirac, the Monge-Kantorovich problem consist on
finding an optimal coupling γ as a joint probability between µs and µt over Xs ×Xt by minimizing the cost of the
transport w.r.t some metric. This problem is based on two main elements: The matrix M of the pairwise distances
between the instances of Xs and Xt raised to the power p which is a cost parameter, and the transportation polytope

Π(µs, µt) =
{
γ ∈ RNs×Nt

+ | γ1 = µs, γ
T1 = µs

}
. This problem admits a unique solution γ∗ and defines a metric

called the Wasserstein distance on the space of probability measures as follow:

W (µs, µt) = min
γ∈Π(µs,µt)

< M, γ > (2)

where < ., . > is the Frobenius dot product.

The Wasserstein distance (or Earth-Mover’s distance) has been very useful recently especially in machine
learning tasks such as domain adaptation [4], metric learning [6], clustering [7] and multi-level clustering [9]. The
particularity about this distance is that it takes into account the geometry of the data based on the distances
between the instances, which explains its efficiency. On the other hand, in term of computation, the success of this
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distance is also due to Cuturi [5], who introduced an approach based on entropy regularization to approximate
OT distances using the Sinkhorn’s algorithm. Indeed, even though the Wasserstein distance has known a very
significant success, in term of computation the objective function has always suffered from a very slow convergence,
which pushed Cuturi to propose a smoothed objective function by adding a term of entropic regularization that
was introduced by [13] and applied to OT in [5] to increase the speed of the convergence of the original objective
function:

min
γ∈Π(µs,µt)

< M, γ > − 1

λ
E(γ) (3)

where E(γ) = −
∑Ns,Nt

i,j γij log(γij) and λ > 0 some fixed parameter.
Thanks to this regularized version of OT, they obtained a less sparse solution, smoother and more stable than

the original problem. In addition, this formulation allows to solve the problem of OT using Sinkhorn − Knopp
matrix Scaling algorithm.

In the next section we explain the main idea of our approach, which consists basically on how to transport the
information from each view so we can form a relevant consensus clustering.

4 Multi-view Clustering through Optimal Transport

In this section we show how MVC can be solved using OT theory, and how to assemble all the information from all
the views to form a consensus in an optimal way.

4.1 Motivations

In order to justify our approach from a theoretical point of view, we explain in this Section the fundamentals of
MVC and how it can be transformed into an OT problem. MVC can be divided into two steps. The local step,
which consist basically of computing a better cluster in each view, and the global step, which consist to aggregate
this information (i.e. the clusters centroids in each view) to form a consensus representing the information from all
the views at the same time.
We consider X =

{
x1, x2, .., xr

}
with r multiple views, where xv = {xv1, xv2, .., xvn} with n points in Ω in the vth

view. In a general way, the existing approaches to form an unified view or a consensus is to maximize some objective
function that combines the basic clustering partitions H = {h1, h2, .., hr} given by some algorithm, in order to find
a consensus partition h.

Γ (h,H) =
r∑
i=1

wiU(h, hi) (4)

where Γ : Zn+×Znr+ 7→ R is the consensus function, and U : Zn+×Zr+ 7→ R the utility function with
∑r
i wi = 1. The

utility function U is very important and must be chosen carefully. This problem can be transformed to a minimization
problem without changing its nature by using different distances like Mirkin distance [11]. Moreover, [17] proved
that the consensus problem is equivalent to K-means problem under some assumption defined in the following
definition.

Definition 2. [17] A utility function U is a K-means consensus clustering utility function if ∀H = {h1, . . . , hr}
and K ≥ 2, there exists a distance f such that

max
h∈H

r∑
i=1

wiU(h, hi)⇔ min
h∈H

K∑
k=1

∑
xl∈Ck

f(x
(b)
l , ck) (5)

holds for any feasible region H.
Where Xb = {xbl | 1 ≤ l ≤ n} be a binary data set derived from the set of r basic partitioning H as follow:

x
(b)
l =< x

(b)
l,1 , . . . , x

(b)
l,i , . . . , x

(b)
l,r >, with x

(b)
l,i =< x

(b)
l,i1, . . . , x

(b)
l,ij , . . . , x

(b)
l,iK >

and xl,ij =

{
1 Lhi

(xl) = j
0 otherwise

and ck is the centroids of the cluster

Based on the idea that consensus clustering can be seen as a K-means problem, it can be converted to an optimal
transport problem based on the Wasserstein distance. More specifically, we can see each view as a distribution set
that we can assemble to form an optimum consensus, computed in the global step.

We detail the proposed approach and how we improve the consensus clustering using the OT theory in the
next Section. We propose different types of consensus that have been validated experimentally on several data sets
(Section 5).
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Table 1. Notations

Notations

X the global data such that xi ∈ Rd

µ the distribution 1
n

∑n
i=1 δxi

Xv the view v such that xi ∈ Rdv with dv < d

µv the distribution of the view v µv = 1
n

∑n
i=1 δxvi

dv the dimension of the viewv

cvj the centroid j in the view v between the data and the centroids cvj

νv the distributions of the centroids 1
kv

∑kv
j=1 δcvj

Lv =
{
lvij
}

the OT matrix of the view v

ck the centroids of the the consensus cluster

L = {lik} the OT matrix between centroids of each view and consensus centroids

ν the distribution of the consensus centroids 1
K

∑K
k=1 δck

Π the OT matrix between xi and ck

4.2 Proposed approaches

Let X =
{
x1, x2, . . . , xr

}
, xv ∈ Ω ⊂ Rd×1, 1 ≤ v ≤ r be the data set made of d numerical attributes. Let

Xv = {xv1, xv2, . . . , xvn} , xvi ∈ Rdv×1, dv < d, the subset of attributes processed by the view v.

Local step:

We consider the empirical measure of the data: µv = 1
n

∑n
i=1 δxv

i
, which represent the data of each view v.

xvi , 1 ≤ i ≤ n in the view v is uniformly distributed over the view v. We seek to find a discrete probability measure
νv ∈ Σkv which is an approximation of µv defined by kv centroids Cv =

{
cv1, c

v
2, . . . , c

v
kv

}
.To this end we compute

the OT of µv from Σn
to Σkv , we therefore define νv as the solution of the following problem:

νv = min
νv∈Σkv

W 2
2,λ(µv, νv) (6)

Algorithm 1: Local view algorithm

Input : For the data of the vth view v, Xv = {xvi }ni=1 ∈ Rdv such that dv < d and kv the number of clusters
The entropic constant λ

Output: The OT matrix Lv =
{
lvij
}

and the centroids cvj
Initialize kv, random centroids cv(0) with the distribution νv = 1

kv

∑kv
j=1 δcj ;

t=0;
while not converge(clusters not stable) do

Compute the OT matrix Lv(t) =
{
lvij
}

1 ≤ i ≤ n, 1 ≤ j ≤ kv;

Lv(t) = minW 2
λ2(µv(t), νv(t));

Update the distribution centroids cvj (t+ 1):

cvj (t+ 1) =
∑
i

lijx
v
i 1 ≤ j ≤ kv;

t = t+ 1;

return {Lv} and
{
cvj
}kv
j=1
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We should notice that in [7], when d = 1 and p = 2 and without constraints on the weight over Σkv , this problem
is equivalent to Lloyd’s algorithm. In what follows we consider p = 2. In order to solve the optimization problem (6)
we proceed similarly to K-means clustering. The local step for the view v clustering iteratively alternates between
the assignment of each data to the nearest centroid and the optimization of the centroids Cv =

{
cv1, c

v
2, . . . , c

v
kv

}
.

Algorithm 1 describes how we cluster the data locally; it is an alternation between the computation Sinkhorn
OT algorithm to assign each data point to its nearest centroid and the update of the centroids distribution to be
the average weighted to the data point assigned to it.

It should be noted that algorithm 1 is equivalent to K-means, but it allows a soft assignment instead of a hard
one, which means that lvij ∈ [0, 1

n ]. Moreover, the regularization term − 1
λE(γ) will guarantee a solution with higher

entropy, which means that the point will be more uniformly assigned to the clusters.

Global step:

We aim on the global step to assemble all the information that we already get in each view to form a consensus
cluster for the whole data-set. We propose two approaches based on OT theory: Consensus Projection Approach
and Consensus with New Representation.

Consensus Projection Approach: Consensus Projection Approach (CPA) consist to project the structure
of the clusters from each view on the global space. The idea behind this projection is to visualize the structure
of each view in the global space in order to enrich the information from the data to increase the quality of the
consensus clustering. More precisely, it is a kind of super clustering to obtain more precise prototypes that contain

Algorithm 2: Consensus with projection (CPA)

Input : Data X = {xi}ni=1 ∈ Rd represented by ν = 1
n

∑n
i=1 δxiand Lv and

{
cvj
}kv
j=1

represented by the distribution

νv, 1 ≤ v ≤ r
The number of the cluster K
The entropic constant λ

Output: The consensus centroids ck and Π = {πik} the OT matrix ∀i
Initialize K centroids ck(0) with the distribution ν = 1

K

∑K
k=1 δck ;

t=0;
Compute the matrix centroids C = {ck} in the global space:

C = LvX for 1 ≤ v ≤ r
while note converge(clusters not stable) do

Compute the OT matrix between the views and the consensus L(t) = {ljk} 1 ≤ j ≤ kv, 1 ≤ k ≤ K, 1 ≤ v ≤ r;

L(t) = minW 2
λ2(ν(t)v, ν(t));

Update the consensus centroids ck(t);

ck(t+ 1) =

n∑
i=1

lik.xi 1 ≤ k ≤ K;

t = t+ 1;

Compute the OT between the data and the consensus centroids ck;

πik = min
k
W 2
λ2(µ(t), ν(t))

return ck and Π = {πik}

more information about the data. As a result, the matrices of the partition resulting from the transportation of the
data will be more complete and more precise and will guarantee a higher quality.

In algorithm 2 we explain the mechanism of this method, the first step of the algorithm consist to project the
centroids of each view in the global space of the data and then compute a clustering of the projection of the centroids
in the global space using Sinkhon K-means algorithm based on Wasserstein distance, to obtain new prototypes ck.
The last step of the algorithm aims to transport the instances of the new prototypes.

ICONIP2019 Proceedings 5
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Consensus with New Representation: Consensus with New Representation (CNR) aims to ensemble the
structure obtained in each view in order to rebuild a new representation of the data based on the partition matrix.
This representation gives the posterior probability of belonging for each point to each cluster of each view. In other
words it is a kind of superposition of all the views which allows to form a consensus clustering of all information
that we already got from each view. Algorithm 3 explains the process of this method, the first step is to concatenate

Algorithm 3: Consensus with new representation (CNR)

Input : Lv and
{
cvj
}kv
j=1

represented by the distribution νv, 1 ≤ v ≤ r
The number of the cluster K
The entropic constant λ

Output: The consensus centroids ck and Π = {πik} the OT matrix ∀i
Initialize K centroids ck(0) with the distribution ν = 1

K

∑K
k=1 δck ;

t=0;
Compute the new representation matix of the data;

X = concatenation(Lv) for 1 ≤ v ≤ r
while note converge(clusters not stable) do

Compute the OT matrix Π = {πik} ;

Π(t) = minW 2
λ2(µ(t), ν(t));

Update the consensus centroids ck(t);

ck(t+ 1) =

n∑
i=1

πik.xi 1 ≤ k ≤ K;

t = t+ 1;

return ck and Π = {πik}

all the matrix partition and then compute a clustering on the matrix partition using Sinkhorn algorithm to obtain
a better partition of the data and centroids that contains information emerging from each view.

5 Experimental Results

In this Section we evaluate the approaches and test them on several real data-sets (described in Table 2). We also
compare it to classical consensus K-means clustering algorithm and the clustering obtained from a single view.
Tables 3 and 4 summarize the clustering results of the proposed approaches (CNR and CPA) and other methods
in terms of Davies-Bouldin (DB) and normalized Rand (Rn) indexes, respectively. As can be seen, our approaches
generally perform well on all the data sets according to both metrics.

Table 2. Some characteristics of the experimental real-world data-sets

Datasets #instances #Attributes #Classes

Breast 699 9 2

Dermatology 358 33 6

Ecoli 332 7 6

Iris 150 4 3

PenDigits 10992 16 10

Satimage 4435 36 6

Wine 178 13 3

6 ICONIP2019 Proceedings
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In table 3 we evaluate the two approaches (CNR and CPA), compared to a Single View approach (SVA) using
Davies-Bouldin (DB) index [8]:

DB =
1

K

K∑
k=1

max
k 6=k′

∆n(ck) +∆n(ck′)

∆(ck, ck′)
(7)

where K is the number of clusters, ∆n is the average distance of all elements from the cluster Ck to their cluster
centre ck, and ∆(ck, ck′) is the distance between clusters centres ck and ck′ . This index evaluates the quality of
unsupervised clustering because it’s based on the ratio of the sum of within-clusters scatter to between-clusters
separation. The lower the value of DB index, the better the quality of the cluster.

Table 3. Clustering performance on seven real-world data-sets (DB index).

Datasets CNR CPA SVA

Breast 1.735 1.727 1.742

Dermatology 1.926 1.194 1.310

Ecoli 1.145 1.405 1.236

Iris 0.893 0.908 0.915

PenDigits 1.136 1.334 1.257

Satimage 1.011 1.221 1.274

Wine 1.308 0.556 0.556

*the results in bold show the best method for each data base according to DB index.

As we can see in Table 3, the CNP obtained better values for several data sets. This is explained by the fact that
this method makes the clustering on the structures of each view which guarantee the improvement of the quality
of the global cluster, while CPA preforms a forcing assignment of the instances to the centroids obtained from the
consensus clustering. To improve the interpretation of the DB values, we propose in Figure 1 the critical diagram
representing a projection of the average ranks methods on enumerated axes. The methods are ordered from left
(the best) to right (the worst). In our case, the method CNR is the best and the worst is SVA. CNR approach
outperforms the other proposed techniques since it gives a new data representation including all the structures of
all the views.

Fig. 1. Friedman test for comparing multiple approaches over multiple data sets: Approaches are ordered from left (the best)
to right (the worst)
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In table 4, we validate our approaches comparing the classical consensus based on K-means by the normalized
Rand index Rn [18] which measures the agreement between two partitions: one given by the clustering process and
the other defined by external criteria. The values of Rn is in [0, 1]. When the value is close to 1, the quality of the
cluster is much better. As we see, the highest score is obtained with CPA.

This is understood by the fact that in the last step of CPA algorithm, we force the assignment of the instances
to the new centroids projected from the views, which explain the agreement between the labels predict from the
consensus clustering and the true one, while on the CNR we cluster a new representation of the data. It should
be noted that we choose this index to compare our approaches with the classical method of ensemble clustering.
However, as long as we are comparing between true and predict labels, this index doesn’t emphasize the unsupervised
nature of the clustering. To further evaluate the performance, we compute a measurement score by following [23]:

Score(Mi) =
∑
j

Rn(Mi, Dj)

maxiRn(Mi, Dj)
(8)

where Rn(Mi, Dj) indicates the Rn value of Mi method on the Dj data sets. This score gives an overall evaluation
on all the data sets, which shows our approaches globally outperforms the other algorithms.

Table 4. Clustering performance on seven real-world data sets (Rn index).

Data sets CNR CPA SVA KKC

Breast 0.3315 0.7374 0.6891 0.0556

Dermatology 0.4608 0.1202 0.1472 0.0352

Ecoli 0.2822 0.3447 0.3389 0.5065

Iris 0.4423 0.4605 0.4491 0.7352

PenDigits 0.5064 0.6039 0.5356 0.5347

Satimage 0.3576 0.4702 0.4679 0.4501

Wine 0.2264 0.2149 0.2149 0.1448

Score 5.2074 5.5170 5.3651 4.6340

*the results in bold show the best method for each data base according to Rn index.

6 Conclusion

In this paper, we proposed a new way to explore the advantages and usefulness of MVC. We have reviewed the MVC
within the framework of OT theory and proposed two new clustering algorithms that allow to combine the structures
discovered by several views, in the form of a consensus. One algorithm is based on projections and another uses
the partitions found by different views to create new representations of the data. Experiments on seven real-world
data sets showed the effectiveness of the two proposed algorithms compared with both a single-view approach and
another classic state-of-the-art technique. The obtained results show that OT can provide for this machine learning
task a formal framework and algorithmic flexibility that marks an improvement in performance over the existing
system.

On the other hand, OT is becoming increasingly popular in the field of machine learning, with several applications
to data science under different learning paradigms. In large dimensions, we are often confronted with the intrinsic
instability of OT with regard to input dimensions. Indeed, the complexity of approximating Wasserstein’s distances
can grow exponentially in size, making it difficult to estimate these distances accurately. A multi-view approach can
help to mitigate this phenomenon by breaking down the overall problem into subproblems, each representing a view.
Future work includes the investigation of learning capabilities of new data representations through our proposed
approaches. We also want to see how to use the deep learning paradigm to enrich our multi-view approaches.
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