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Abstract. In recent years, sparse representation based classification (SRC) has received a lot of attention in
the field of face recognition. Practical face images often have noisy information and large facial changes. In
such cases, SRC usually achieves low recognition performance. In order to solve this problem, in this paper
we first construct a fractional-order sample matrix, and then proposes a fractional SRC (FSRC) method
for single-view face recognition and fractional joint SRC (FJSRC) approach for multi-view face recognition.
Experimental results on the AT&T and Yale face databases show that our proposed FSRC method outperform
existing related algorithms.
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1

Introduction

Face recognition (FR) has always been a hot topic in machine learning and pattern recognition. Nowadays, face
recognition technology has been widely used in most aspects of life such as finance, transportation, banking, education, etc. Improving the accuracy of face recognition is a key issue in recent years. Some classic statistical techniques
have been applied to face recognition and have achieved good results, such as K-nearest neighbor (KNN) [1] method,
nearest subspace (NS) [2] method , linear discriminant analysis (LDA) [3], principal component analysis (PCA) [4],
support vector machine (SVM) [5], etc. But these FR techniques are based on a single view of images. In reality,
multiple views of an object are easily available. Generally, observing an object from multiple views is helpful to
understand the object in depth. Multi-view face images are more comprehensive to describe the characteristics of
the subject than single-view face images. As a result, multi-view face recognition such as [6, 7] is very necessary.
Sparse representation (SR) [8] is an attractive research field in the signal processing community in the past 20
years. Wright et al. [9] applied SR theory to face recognition and proposed a sparse representation based classification
(SRC) method. Since SRC only performs for a single view and is not able to directly deal with multi-view image
information, Yuan et al. [10] have proposed a joint sparse representation based classification (JSRC) method. But,
JSRC does not take into account the differences among atoms. A novel joint dynamic SRC (JDSRC) method [11]
was proposed, which shares the same sparse model at class level and uses different sparse models at atomic level.
In addition, Zhang et al. [12] argue that SRC overemphasizes the role of sparse representation and what really
works for face recognition is the collaborative representation of training samples. With this idea, they proposed a
collaborative representation based classification (CRC) method.
Another popular multi-view approach is canonical correlation analysis (CCA) [13]. Unlike traditional fusion of
multi-view features, CCA achieves the feature fusion by maximizing the correlation between two sets of projections.
Currently, CCA has many improvements such as kernel CCA (KCCA) [14], locality preserving CCA (LPCCA) [15],
deep CCA (DCCA) [16], etc.
Since face images are usually affected by facial expressions, illumination conditions, occlusions, and noise, the
performance of many FR methods is sensitive to these influence factors and becomes unstable. In order to solve this
problem, a novel fractional-order singular value decomposition representation (FSVDR) algorithm [17] was proposed
to try to eliminate facial changes and noise in face recognition. Later, the idea of fractional-order embedding attracts
much attention. For example, Yuan et al. [18] proposed a fractional-order embedding CCA (FECCA) approach,
which reduces the deviation of sample covariance matrix. Yang et al. [19] proposed a fractional-order embedding
direct linear discriminant analysis (FEDLDA) method. Experimental results show that FEDLDA is effective in
contrast with conventional methods.
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In this paper, we propose a novel SRC method called fractional SRC (FSRC) for single-view FR and a novel joint
SRC method called fractional joint SRC (FJSRC) for multi-view FR. The proposed methods re-model sample matrix
which can significantly reduce the deviation of noisy training samples from true ones and reduce the interference of
facial changes. Experiments on two face image databases show the effectiveness of the proposed FSRC method.

2
2.1

Related Work
SRC

Given a set of training samples with sample class i: Ai = [ai1 , ai2 , . . . , aini ] ∈ Rm×ni , where m represents feature
dimension and ni is the number of i-th class training samples. Then for a test sample y ∈ Rm of i-th class, which
can be linearly represented by training samples belonging to the same class:
y = xi1 ai1 + xi2 ai2 + · · · + xini aini = Ai xi ,

(1)

where xi = [xi1 , xi2 , · · · , xini ]T ∈ Rni is a coefficient vector. Since the class of y is not known in actual situation, a
matrix A, including n training samples of all c classes, is defined as follows.
A = [A1 , A2 , · · · , Ac ] = [a11 , a12 , · · · , acnc ] ∈ Rm×n
where n =

Pc

i=1

(2)

ni . So y can be represented by the following linear combination:
y = Ax,

(3)

where x = [0, · · · , 0, ai1 , ai2 , · · · , aini , 0, · · · , 0]T ∈ Rn is a sparse coefficient representation vector. It is clear that
when the number of samples in each class is large enough, the solution vector of (3) becomes sparse. That is, nonzero
entries in x are very few. The sparser the solution vector is, the more favorable the classification of the test sample
is. Therefore, computing x in (3) is transformed into the sparsest solution problem based on minimizing l0 -norm,
as follows.
x̃ = arg min kxk0 , s.t. y = Ax
(4)
x

Since optimization problem in (4) is NP-hard, it is difficult to find a precise solution. Generally, optimization
problem in (4) can be solved by the following minimization problem:
x̃ = arg min kxk1 , s.t. y = Ax
x

(5)

Note that (3) does not almost hold in real world due to noise disturbance. Hence, optimization problem in (5) can
be reformulated as
x̃ = arg min kxk1 , s.t. ky − Axk22 ≤ 
(6)
x

where  is an error.
After getting the coefficient vector x̃ in (6), we can classify the test sample y according to the following rule.
ĩ = arg min ky − Aδ i (x̃)k2 ,
i

(7)

where δ i (·) is a characteristic function that only chooses the coefficients associated with the i-th class and that sets
the coefficients associated with all other classes to zero.
2.2

Joint SRC (JSRC)

Let v views of samples of the same objects be {A(i) ∈ Rm×n }vi=1 for a total of c classes, where m is the dimension
of samples and n is the number of samples in view i. Then, the optimization model of JSRC is the following
X̃ = arg min kY − BXk2F
X

(8)

s.t. kXkl0 /l2 ≤ K,
where k · kF represents Frobenius norm of a matrix, k · kl0 /l2 is a mixed norm that refers to l2 norm on each row and
l0 norm in the l2 -norm result vector, Y ∈ Rm×v denotes the given v-view test samples, B = [A(1) , A(2) , · · · , A(v) ] ∈
Rm×p with p = vn, X ∈ Rp×v , and K controls the sparsity.
Volume 15, No. 3

Australian Journal of Intelligent Information Processing Systems

78

3
3.1

ICONIP2019 Proceedings

Fractional Sparse Representation Based Classification

3

Proposed Approaches
Fractional Sample Matrix

In this subsection, we establish fractional-order sample matrix that can alleviate the problem of facial changes such
as facial expressions, light, and occlusion in SRC. The fractional sample matrix can be characterized by fractionalorder singular values of sample matrix.
Suppose that H ∈ {A, B} is a single-view or multi-view sample matrix. Then, we have the singular value
decomposition (SVD) in the form of
H = P ΛQT , Λ = diag(λ1 , λ2 , · · · , λr )

(9)

where r = rank(H), P = (p1 , p2 , . . . , pr ) and Q = (q1 , q2 , . . . , qr ) consist of left and right singular vectors of H,
respectively, and λ1 ≥ λ2 ≥ · · · ≥ λr > 0 are the nonzero sorted singular values of matrix H. Now, the fractionalorder sample matrix can be defined by
α
α
H α = P Λα QT , Λ = diag(λα
1 , λ2 , · · · , λr )

(10)

where α is a fraction satisfying 0 ≤ α ≤ 1, P , Q and r are defined in (9).
It is obvious that (10) can subsume the SVD in (9) as special case when α = 1. According to (10), it is easy to
draw the following properties:
Property 1. rank(H α ) = rank(H).
r
Property 2. All nonzero eigenvalues of H α are {λα
i }i=1 .
Property 3. When α > 0, there exists a bijection between H α and H; when α = 0, there exists a surjection
from H to H α .
3.2

Fractional SRC

Let us set H = A. With (10), we apply the fractional sample matrix Aα to optimization model of SRC, thus leading
to our optimization model of fractional SRC (FSRC), as follows.
x̂ = arg min ky − Aα xk2 + µkxk1 ,
x

(11)

where x = [0, · · · , 0, xi1 , xi2 , · · · , xini , 0, · · · , 0]T ∈ Rn and µ is a balance parameter. There are many algorithms
to solve the l1 -norm minimization problem in (11), such as gradient projection algorithm, iterative threshold contraction algorithm and near-end gradient algorithm [20]. In this paper, we use orthogonal matching pursuit (OMP)
method to compute x̂. After obtaining x̂, we are able to classify the test sample y according to the following rule.
ĩ = arg min ky − Aα δ i (x̂)k2
i

(12)

where δ i (·) is the same as defined in Section 2.1.
In summary of the foregoing description, the proposed FSRC algorithm is given as follows.
Step 1. Perform the SVD according to (9) for training sample matrix A;
Step 2. Calculate fractional sample matrix Aα using (10) for a given fractional parameter α;
Step 3. Solve the l1 -norm minimization problem in (11) using OMP;
Step 4. Make use of (12) to classify test sample y.
3.3

Extension: Fractional Joint SRC

Let H = B. Together with (8), the optimization model of fractional joint SRC (FJSRC) is below:
X̃ = arg min kY − B α Xk2F
X

(13)

s.t. kXkl0 /l2 ≤ K.
According the theory of sparse representation, optimization problem in (13) can be further transformed into the
following
X̃ = arg min kY − B α Xk2F
X

(14)

s.t. kXk1,2 ≤ K,
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where k · k1,2 denotes to first compute l2 norm on each row and then l1 norm on the resulting l2 norm vector.
Via solving optimization problem in (14), we can obtain the optimal X̃. To compute X̃, we employ an iterative
solution algorithm. The optimization problem in (13) can be rewritten as
X̃ = arg min kY − B
X

α

Xk2F

+ µ̃

p
X

kx̃i k2 ,

(15)

i=1

where x̃i denotes the i-th row vector of coefficient matrix X, i = 1, 2, · · · , p, and µ̃ is a sparsity balance parameter.
Let us denote
F = kY − B α Xk2F + µ̃

p
X

kx̃i k2

i=1

= tr[(Y − B α X)(Y − B α X)T ] + µ̃tr(X T HX)

(16)

= tr(Y Y T ) − 2tr(X T (B α )T Y ) + tr(X T (B α )T B α X) + µ̃tr(X T HX),
where the second equality uses the properties of matrix trace tr(·), i.e. tr(Z) = tr(Z T ) and tr(Z1 Z2 ) = tr(Z2 Z1 ),
and H = diag(1/kx˜1 k2 , 1/kx˜2 k2 , · · · , 1/kx˜p k2 ).
The Lagrangian function of (16) is
∂F
= −2(B α )T Y + 2(B α )T B α X + 2µ̃HX
∂X

(17)

X = [(B α )T B α + µ̃H]−1 (B α )T Y

(18)

Let ∂F/∂X = 0, it follows that

This leads to the following updating rule:
(



H t ← diag kx̃1t k2 , kx̃1t k2 , · · · , kx̃1t k2 ,
1
1

−1 1 α T
X t+1 ← (B α )T B α + µ̃H t
(B ) Y,

(19)

where t denotes the number of iterations. We make use of the following stop condition for iteration.
ϕk = 1 − F(X t+1 )/F(X t ).

(20)

When ϕk is smaller than a given threshold, (19) stops iterating and X̃ ← X t+1 .
After getting X̃, multi-view sample Y is classified by the following rule.
ĩ = arg min kY − B α σ i (X̃)kF ,
i

(21)

where σ i (X̃) is a matrix where the rows of i-th class in X̃ are kept and all other rows are set to zero.

4

Experiments

4.1

Data Preparation

Two face databases are used in our experiments, i.e., AT&T and Yale face databases. The AT&T face database1
consists of 400 grayscale face images of 40 persons. Each person has 10 different images with size as 112 × 92.
The Yale database2 consists of 165 grayscale images of 15 individuals. There are 11 facial images per person under
various facial expressions and lighting conditions. Every image is resized to 100×80 pixels. In addition, in our FSRC
approach, there is an important fractional parameter α. We empirically set the values of α on both databases, as
shown in Table 1.
1
2

https://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html
http://cvc.cs.yale.edu/cvc/projects/yalefaces/yalefaces.html
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Table 1. The values of parameter α used in all experiments.
Dataset
FSRC

4.2

AT&T
0.8

Yale
0.4

Results of FSRC

In this section, we compare FSRC with three algorithms, i.e., KNN, SVM, and SRC, for the recognition performance
test. On both AT&T and Yale databases, PCA is used to reduce the dimension of original face images. The
dimensions of PCA-transformed faces are, respectively, 40, 60, 80, and 100 on the AT&T face database, and 30, 50,
70, 90 on the Yale face database.
On the AT&T face database, five face images per individual are randomly chosen to form the training set, and
the remaining face images are used to generate the testing set. Therefore, the number of training samples and
testing samples is, respectively, 200 and 200. On the Yale database, we randomly select six face images of each
person for training, while the rest are used for testing. Thus, the number of training samples and testing samples
is 90 and 75, respectively. On both databases, ten independent tests are run for the performance evaluation and
the average recognition accuracy is computed for each method. Tables 2 and 3 summarize the recognition results of
KNN, SVM, SRC, and FSRC on AT&T and Yale databases, respectively. From Tables 2 and 3, we can see that our
proposed FSRC method performs better than KNN, SVM, and SRC, regardless of the dimensions. This indicates
that FSRC is effective and robust for face recognition task.
Table 2. Recognition accuracy of KNN, SVM, SRC, and FSRC on AT&T.
Dimension
40
60
80
100

KNN
0.639
0.640
0.639
0.635

SVM
0.899
0.896
0.892
0.876

SRC
0.918
0.919
0.931
0.927

FSRC
0.921
0.927
0.946
0.938

Table 3. Recognition accuracy of KNN, SVM, SRC, and FSRC on Yale.
Dimension
30
50
70
90

5

KNN
0.552
0.627
0.571
0.615

SVM
0.746
0.729
0.749
0.739

SRC
0.753
0.731
0.759
0.811

FSRC
0.812
0.807
0.853
0.856

Conclusion

In this paper, we first construct a fractional-order sample matrix, and then proposes a fractional SRC (FSRC)
method for single-view face recognition and fractional joint SRC (FJSRC) approach for multi-view face recognition.
Experimental results on the AT&T and Yale face databases show that our proposed FSRC method outperform
existing related algorithms.
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