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Abstract. Label distribution learning has important applications in dealing with label ambiguity. Especially,
it is able to retain important information about the labels. In the label distribution classification task, the data
often have a high dimension. Excessive data dimension will seriously affect the learner’s learning efficiency and
increase the complexity of the model. However, there is little research on the reduction of label distribution
data. Multi-label feature reduction cannot be directly applied to label distribution learning. Aiming at the
label distribution data, we propose a label distribution data reduction model based on fuzzy rough set, which
is applied to reduce the features of the label distribution data. We use the positive domain and boundary
domain to reduce the label distribution data. The experimental results show that the the model was effective.

Keywords: label distribution learning, fuzzy rough set, positive region, boundary region.

1 Introduction

At present, single-label learning and multi-label learning [16] are two kinds of machine learning paradigms to deal
with the problem of label ambiguity. In single-label learning, each sample corresponds to a label, but single-label
learning does not solve the case where a sample corresponds to multiple labels, so multi-label learning is presented.
In multi-label learning, each sample corresponds to a set of labels, which solves the problem that a sample has
multiple labels. In some application contexts, what people want to know is not just what elements are included in
an image, but more importantly, the significance of these elements. Thus, the set of labels for a sample does not
indicate whether the sample has the labels but the significance of the labels for the sample, which is called label
distribution classification problem. To solve this problem, Geng proposed label distribution learning [13].

In label distribution learning, each sample corresponds to a label distribution, where each label represents the
degree of description of the the sample. The scope of the description is from 0 to 1, and the greater the degree of
description, the higher the importance of the label. The sum of all description is 1, indicating that all the labels
describe the sample together. Label distribution learning is a more generalized learning model. Single-label learning
and multi-label learning can be seen as a special case of label distribution learning. As shown in Fig 1, single-label
learning and multi-label learning, we can convert them into a label distribution in an appropriate way.

(a) single-label. (b) multi-label. (c) label distribution.

Fig. 1: Three learning algorithm

After label distribution learning was proposed, many researchers applied label distribution learning to deal
with the problem of label ambiguity and they achieved good results, such as age estimation problem [4], emotion
recognition problem [18], head gesture recognition problem [3], movie scoring problem [14] and text mining problem
[17].
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The research of label distribution learning has a good effect on solving the problem of label ambiguity, but there
are still some problems which are not solved, such as the high dimension of training data. On the one hand, too
high data dimension increases the learning burden of the learner. On the other hand, it also makes the learner
over-fit, and reduces the generalization ability of the learner. Currently, most feature reduction algorithms are for
multi-label learning. In the process of label distribution learning, because the definition of labels is changed from
label set to label distribution, the existing multi-label feature reduction algorithms can not directly solve the feature
reduction problem of label distribution learning. Aiming at the problem of label distribution classification, fuzzy
rough set model is constructed by using the knowledge of fuzzy rough set to realize the feature reduction of label
distribution data. Experiments show the algorithm is effective.

The main contributions of this paper are as follows,

1. We use the label relationship to process the labels and determine the decision domain of the samples to make
them suitable for feature reduction.

2. We use fuzzy rough sets to process the non-discrete label distribution data, and propose two methods to reduce
the label distribution learning data by using the positive domain and the boundary domain.

3. Our proposed model can effectively reduce the label distribution data, which can greatly improve the learning
efficiency of label distribution learning.

2 Related work

At present, label distribution learning mainly has the following three design categories [13]. The first one is the
problem conversion category, which converts the label distribution learning problem into a single-label learning
problem or a multi-label learning problem, then utilizes the existing single-label learning algorithm or multi-label
learning algorithm calculates the label distribution, such as PT-SVM and PT-Bayes. The second is the algorithm
adjustment category, which adapts the existing single-label learning algorithm or multi-label algorithm to the label
distribution learning problem. The main representative algorithms are AA-BP and AA-kNN. In addition, there are
some special algorithm categories directly applicable to label distribution learning. The representative algorithms
are IIS-LLD and BFGS-LLD.

Currently, most feature reduction algorithms are for single-label learning and multi-label learning [2, 6, 8, 15].
Among them, in most feature reduction algorithms, researchers use information entropy or mutual information as
the basis for feature reduction. For example, Battiti [1] proposed a feature selection algorithm based on mutual
information. Doquire [2], Li [7] and others proposed multi-label feature selection algorithm. Peng [9] et al. proposed
feature reduction algorithm for single-label learning. All of the above are feature reduction algorithms for single-
label learning and multi-label learning, but there is little research on feature reduction of label distribution data.
In order to solve this problem, we propose an algorithm for reducing the label distribution learning data.

3 Feature reduction of label distribution data based on fuzzy rough set

3.1 Label distribution data feature reduction model

Feature reduction based on positive region We define the following reduction strategies by using the positive
domain.

Definition 1. U = {x1, ..., xn} is a non-empty sample set. A = {a1, ..., am} is a set of features that describe the
sample. L = {l1, ..., lk} indicates the label distribution of the sample, and SL indicates the similarity of the label
distributions. For any conditional features B ⊆ A which determines the binary fuzzy relation R on U and for
∀x, y ∈ U , if the condition R(x, y) = R(y, x) and R(x, x) = 1 we call that R is a fuzzy similarity relation [12] and
LDS = 〈U,A, SL〉 is label distribution decision system.

Definition 2. if LDS = 〈U,A, SL〉 is label distribution decision system on universe U , and there is the condition
that B ⊆ A. RB is the binary fuzzy relation determined by features B, SL indicates the similarity of the label
distributions. The upper and lower approximations of feature B are defined as follows.

RBSL(x) = inf
y∈U

max(1−RB(x, y), SL(y)) (1)

RBSL(x) = max
y∈U

min(RB(x, y), SL(y)) (2)
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RBSL(x) and RBSL(x) represents the lower approximation and upper approximation of the sample x with respect
to the label similarity SL(x) under the feature B condition. The similarity of label distribution are defined as follows.

SL(x) =

∑n
i=1 Li(x)Li√∑n

i=1 L
2
i (x)

√∑n
i=1 Li

2
(3)

n is the number of the labels. Li(x) represents the i-th label component of sample x. Li is the standard of the label

distribution similarity. It satisfies the following conditions. Usually, we let Li = 1
n or Li =

∑m
j=1 Li(xj)∑n

i=1

∑m
j=1 Li(xj)

n∑
i=1

Li = 1 (4)

Theorem 1. RBSL(x) ⊆ RBSL(x)

Proof. It can be seen from the formula 1, if y = x and ∀x ∈ U that infy∈U max(1− RB(x, y), SL(y)) ≤ SL(x) and
maxy∈U min(RB(x, y), SL(y)) ≥ SL(x) so RBSL(x) ⊆ RBSL(x).

Definition 3. Ra(x, y) represents the degree of similarity between sample x and sample y in the binary fuzzy relation
determined by feature a, and it can be calculated using the following calculation methods [5, 11].

Ra(x, y) = 1− |a(x)− a(y)|
|amax − amin|

(5)

Ra(x, y) = max(min(
a(y)− (a(x)− σa)

a(x)− (a(x)− σa)
,

(a(x) + σa)− a(y)

(a(x) + σa)− a(x)
), 0)

(6)

RB(x, y) =
⋂
a∈B
{Ra(x, y)} (7)

The closer the x, y is, the closer the Ra(x, y) is to 1, otherwise it approaches 0. σa represents the variance of feature
a.

Theorem 2. LDS = 〈U,A, SL〉 is label distribution decision system on universe U , the features set is B, if there
is a condition that B ⊆ C ⊆ A, then RC ⊆ RB.

Proof. By the formula 7, it can be seen that if there is a condition that B ⊆ C ⊆ A, then there will be RC(x, y) ≤
RB(x, y), form that, thus RC ⊆ RB .

Theorem 3. LDS = 〈U,A, SL〉 is label distribution decision system on universe U , The features set is B, if there
is a condition that B ⊆ C ⊆ A, then RBSL(x) ⊆ RCSL(x)

Proof. Because of the condition B ⊆ C ⊆ A, from Theorem 2 it can be seen that RC(x, y) ≤ RB(x, y), then
1−RC(x, y) ≥ 1−RB(x, y), and max(1−RB(x, y), SL(x)) ≤ max(1−RC(x, y), SL(x)). Thus RBSL(x) ⊆ RCSL(x).

Theorem 4. LDS = 〈U,A,L〉 is label distribution decision system on universe U , the features set is B, if there is
a condition that B ⊆ C ⊆ A, then RCSL(x) ⊆ RBSL(x)

Proof. Because of the condition B ⊆ C ⊆ A, from Theorem 2 it can be seen that RC(x, y) ≤ RB(x, y), then
RC(x, y) ≤ RB(x, y), and inf(RB(x, y), SL(x)) ≥ inf(RC(x, y), SL(x)). Thus RCSL(x) ⊆ RBSL(x).

Definition 4. LDS = 〈U,A, SL〉 is label distribution decision system on universe U , the features set is B, the
condition is B ⊆ A, the fuzzy positive region of the label distribution about feature set B for the similarity SL is
defined as:

POSRB
SL(x) = ∀x∈URBSL(x) (8)

The larger the fuzzy positive region indicates that the classification ability of feature B is stronger, and the classi-
fication ability of B is better.
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Definition 5. LDS = 〈U,A, SL〉 is label distribution decision system on universe U , there is a feature set B, the
condition is B ⊆ A, the dependency of feature B on label distribution similarity SL is defined as:

γB(SL) =

∑
x∈U POSRB

SL(x)

|U |
(9)

Definition 6. LDS = 〈U,A, SL〉 is label distribution decision system on universe U , the features set is B, the
condition is B ⊆ A, if ∀a ∈ A − B, we call that under the condition of feature set B, the significance of feature a
is that

sigγ(a,B, SL) = γB∪{a}(SL)− γB(SL) (10)

Theorem 5. The monotonicity of γB(SL). LDS = 〈U,A, SL〉 is label distribution decision system on universe U ,
the features set is B, if there is a condition that B ⊆ A and ∀a ∈ A−B then γB∪{a}(SL) ≥ γB(SL)

Proof. It can be seen from the Theorem 3 that RBSL(x) ⊆ RB∪{a}SL(x). According to formula 8,9, it can draw a

conclusion that
∑

x∈U POSRB
SL(x)

|U | ≤
∑

x∈U POSRB∪{a}SL(x)

|U | which is γB∪{a}(SL) ≥ γB(SL)

Definition 7. LDS = 〈U,A, SL〉 is label distribution decision system on universe U , the features set is B, if there
is a condition that B ⊆ A and γB(SL) = γA(SL) and for ∀a ∈ B, it is γB−{a}(SL) < γB(SL). We call that B is a
reduction of A.

Feature Reduction based on Boundary Region The upper approximation contains information regarding the
degree of uncertainty of objects, and this information can be used to discriminate between subsets. For example, two
subsets may result in the same lower approximation, but one subset may produce a smaller upper approximation.
So this subset will be useful for the reduce project. The Boundary Region can be defined as follows.

Definition 8. LDS = 〈U,A, SL〉 is label distribution decision system on universe U , the features set is B, the
condition is B ⊆ A, RB is the binary fuzzy relation determined by feature B. The boundary region is defined as
follows:

BNDRB
SL(x) = RBSL(x)−RBSL(x) (11)

BNDRB
SL =

∑
x∈U BNDRB

SL(x)

|U |
(12)

Definition 9. IDS = 〈U,A, SL〉 is label distribution decision system on universe U , the features set is B, the
condition is B ⊆ A, under the determined fuzzy relation of features set B, BNDRB

SL is the boundary region. We
let λB = BNDRB

SL. There is a conclusion that the smaller the λB, the higher the accuracy of the classification. If
λB = 0, it indicates that the upper approximation coincides with the lower approximation, the classification accuracy
will be the best.

Theorem 6. The monotonicity of λa. LDS = 〈U,A, SL〉 is label distribution decision system on universe U , there
is a features set B, if there is a condition that B ⊆ A and ∀a ∈ A−B then λB∪{a}(SL) ≤ λB(SL).

Proof. It can be seen from the Theorem 3, 4 that RBSL(x) ⊆ RB∪{a}SL(x) and RB∪{a}SL(x) ⊆ RBL(x). Thus

RB∪{a}SL(x)−RB∪{a}SL(x) ≤ RBSL(x)−RBSL(x) which is that λB∪{a} ≤ λB .

Definition 10. LDS = 〈U,A, SL〉 is label distribution decision system on universe U , the features set B, and
B ⊆ A, λB = 0, if ∀a ∈ B, then λB−{a} 6= 0. We call that B is a reduction of A.
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Algorithm 1: Feature reduction of label distribution data based on positive region

Data: 〈U,A ∪ L〉
Result: the result of reduction reduct

1 ∀a ∈ A calculate the Ra;
2 φ→ reduct;

3 calculate SL(x) =
∑n

i=1 Li(x)Li√∑n
i=1 L

2
i (x)

√∑n
i=1 Li

2
;

4 while true do
5 for each ai ∈ A− reduct, reduct ∪ ai = B do
6 calculate RB ;
7 for each xi ∈ U do
8 RBSL(xi) = infy∈U max(1−RB(xi, y), SL(xi));
9 end

10 calculate γreduct∪{a}(SL) =

∑
x∈U POSRreduct∪{a}SL(x)

|U| ;

11 end
12 find the feature a which let the γreduct∪{a}(SL) is the highest;
13 calculate sigγ(a, reduct, SL) = γreduct∪{a}(SL)− γreduct(SL);
14 if sigγ(a, reduct, SL) > 0 then
15 reduct ∪ {a} → reduct;
16 end
17 else
18 break;
19 end

20 end
21 return reduct;

4 Algorithm design

4.1 An algorithm for feature reduction of label distribution data based on positive region

The algorithm uses the positive region of the label distribution data, traverses the feature a with the greatest
dependency, and adds it to the reduction set, then re-traverses the remaining features. Followed by the cycle until
the dependency is no longer increased, indicating that the set of features to achieve the maximum. This method
is suitable for training samples with relatively few data. For large-scale data, in order to improve the efficiency
of reduction, only traverse once feature. The value of the positive region are sorted from large to small, and add
feature one by one. If the dependency increases, add the feature, otherwise discard the feature until the traversal
feature ends. This method can greatly improve the efficiency of reduction, suitable for large amounts of data, but
weak the reduction effect.

The boundary domain reduction is similar to positive domain reduction, which uses the boundary domain value
to reduce the features. It also uses greedy rules until the added feature makes λ no longer decrease.

5 Experiment Analysis

5.1 The dataset of label distribution

Experiments of label distribution learning were performed on seven open data sets3. The details are shown in the
Table 1.

5.2 Experiment Setting

In this paper, six evaluation indexes such as Kullback − Leibler, Eculidean, Sφrensen, Squaredχ2 (the smaller
the better), Fidelity, Intersection (the higher the better) [10] are used to evaluate the reduction effect. Since the
predicted performance is computed by the ten-fold cross-validation method, the experimental results are given in
the format of (average± standard deviation). PT-LDSVR algorithm is used to test the label distribution learning
data.

3 (http://cse.seu.edu.cn/personalpage/xgeng/ldl/)
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Table 1: Data sets of label distribution learning

Data set SJAFFE SBU 3DFE Natural Movie yeast scene emotion

sample 213 500 500 500 1000 500 593
feature 243 243 294 1869 103 294 72
labels 6 6 9 5 14 6 6

Table 2: Evaluation measures for LDL algorithms

Name Formula

Kullback − Leibler ↓ KL(P,Q) =
∑c
j=1 Pj ln

Pj

Qj

Educlidean ↓ Educlidean(P,Q) =
√∑c

j=1(Pj −Qj)2

Sφrensen ↓ Sφrensen(P,Q) =
∑c

j=1 |Pj−Qj |∑c
j=1 |Pj+Qj |

Squaredχ2 ↓ Squaredχ2(P,Q) =
∑c
j=1

(Pj−Qj)
2

Pj+Qj

Fidelity ↑ Fidelity(P,Q) =
∑c
j=1

√
PjQj

Intersection ↑ Intersection(P,Q) =
∑c
j=1 min(Pj −Qj)

5.3 The result of experiment

Kullback-Leibler Distance comparative analysis
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Fig. 2: the comparative analysis of two method

1. As can be seen from Table 3 and Fig. 2, the algorithm has a high degree of reduction in SJAFFE data. The
reduction of the positive region and boundary region all improve the prediction performance of the training
data and have good reduction effect. The reduction degree is about 41%. Among them, both the precision of
positive region reduction and boundary region reduction are increased. The standard deviation is smaller than
before. Both algorithms have better performance.
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Table 3: The experiment results

DataSets measures Raw Data Positive Boundary

Kullback − Leibler ↓ 0.0687± 0.0128 0.0610± 0.0097 0.0629± 0.0110
Eculidean ↓ 0.1484± 0.0161 0.1410± 0.0135 0.1427± 0.0144
Sφrensen ↓ 0.1462± 0.0169 0.1391± 0.0145 0.1410± 0.0153

SJAFFE Squaredχ2 ↓ 0.0648± 0.0114 0.0580± 0.0087 0.0597± 0.0098
Fidelity ↑ 0.9834± 0.0030 0.9852± 0.0022 0.9847± 0.0025

InterSection ↑ 0.8538± 0.0169 0.8609± 0.0145 0.8590± 0.0153
Feature Num 243 144 143

Reduction rate − 40.7% 41.1%

Kullback − Leibler ↓ 1.2136± 0.0982 1.2078± 0.0923 1.2375± 0.1001
Eculidean ↓ 0.5444± 0.0375 0.5406± 0.0324 0.5532± 0.0300
Sφrensen ↓ 0.5157± 0.0300 0.5129± 0.0258 0.5228± 0.0306

Nature Squaredχ2 ↓ 0.7550± 0.0627 0.7481± 0.0553 0.7698± 0.0651
Fidelity ↑ 0.7185± 0.0627 0.7217± 0.0248 0.7128± 0.0283

InterSection ↑ 0.4843± 0.0300 0.4871± 0.0258 0.4772± 0.0300
Feature Num 294 203 156

Reduction rate − 30.9% 46.9%

Kullback − Leibler ↓ 0.0750± 0.0109 0.0720± 0.0082 0.0720± 0.0083
Eculidean ↓ 0.1584± 0.0127 0.1564± 0.0105 0.1567± 0.0106
Sφrensen ↓ 0.1518± 0.0116 0.1498± 0.0095 0.1501± 0.0095

SBU 3DFE Squaredχ2 ↓ 0.0696± 0.0097 0.0672± 0.0073 0.0672± 0.0074
Fidelity ↑ 0.9822± 0.0025 0.9828± 0.0019 0.9828± 0.0019

InterSection ↑ 0.8482± 0.0116 0.8502± 0.0095 0.8499± 0.0095
Feature Num 243 29 33

Reduction rate − 88.1% 86.4%

Kullback − Leibler ↓ 0.1248± 0.0264 0.1247± 0.0254 0.1249± 0.0246
Eculidean ↓ 0.1860± 0.0223 0.1856± 0.0219 0.1859± 0.0214
Sφrensen ↓ 0.1849± 0.0223 0.1843± 0.0217 0.1845± 0.0212

Movie Squaredχ2 ↓ 0.1202± 0.0242 0.1199± 0.0232 0.1201± 0.0226
Fidelity ↑ 0.9679± 0.0067 0.9679± 0.0065 0.9679± 0.0063

InterSection ↑ 0.8151± 0.0223 0.8157± 0.0217 0.8155± 0.0212
Feature Num 1896 61 43

Reduction rate − 96.8% 97.7%

Kullback − Leibler ↓ 0.9268± 0.0485 0.9276± 0.0465 0.9276± 0.0465
Eculidean ↓ 0.3583± 0.0115 0.3584± 0.0110 0.3584± 0.0110
Sφrensen ↓ 0.4898± 0.0151 0.4897± 0.0143 0.4897± 0.0143

yeast Squaredχ2 ↓ 0.7464± 0.0294 0.7469± 0.0280 0.7469± 0.0280
Fidelity ↑ 0.6878± 0.0117 0.6875± 0.0112 0.6875± 0.0112

InterSection ↑ 0.5102± 0.0151 0.5103± 0.0143 0.5103± 0.0143
Feature Num 103 75 73

Reduction rate − 27.2% 29.1%

Kullback − Leibler ↓ 1.0483± 0.0743 0.1053± 0.0751 0.1052± 0.0747
Eculidean ↓ 0.5924± 0.0406 0.5938± 0.0408 0.5935± 0.0407
Sφrensen ↓ 0.5975± 0.0293 0.5989± 0.0297 0.5986± 0.0295

Emotions Squaredχ2 ↓ 0.9092± 0.0566 0.9124± 0.0572 0.9116± 0.0570
Fidelity ↑ 0.6158± 0.0233 0.6146± 0.0235 0.6149± 0.0234

InterSection ↑ 0.4025± 0.0293 0.4011± 0.0297 0.4014± 0.0295
Feature Num 72 57 58

Reduction rate − 20.8% 19.4%

Kullback − Leibler ↓ 1.2293± 0.2633 1.2641± 0.2537 1.2565± 0.2272
Eculidean ↓ 0.7465± 0.0897 0.7490± 0.0825 0.7503± 0.0697
Sφrensen ↓ 0.6580± 0.0783 0.6598± 0.0699 0.6643± 0.0602

scene Squaredχ2 ↓ 1.0344± 0.1734 1.0446± 0.1588 1.0489± 0.1390
Fidelity ↑ 0.5637± 0.0692 0.5589± 0.0638 0.5575± 0.0560

InterSection ↑ 0.3420± 0.0783 0.3402± 0.0699 0.3357± 0.0602
Feature Num 294 27 41

Reduction rate − 90.8% 86.1%
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Fig. 3: Algorithm performance comparison

2. Both positive region reduction and boundary reduction algorithm have a high degree of reduction in Nature. The
positive reduction algorithm make the prediction accuracy higher than raw data, and the boundary reduction
algorithm has a loss in the prediction accuracy. The reduction degree is 30.9% and 46.9%. Both algorithms have
better performance, and the positive region reduction is better than the boundary region reduction.

3. The positive and boundary reduction have a good effect in SBU 3DFE. They improve the prediction accuracy of
the training data and have a good reduction. The reduction degree is 88.1% and 86.4%. The standard deviation
is also smaller than before.

4. The positive region reduction algorithm and the boundary reduction algorithm have a high degree of reduction
for Movie data. The reduction degree is 96.8% and 97.7%, and the features are reduced greatly.

5. The algorithm is effective for the data set transformed from multi-label data set. It can maintain the original
accuracy, partial accuracy has increased. Comparing with the real data set, the ability to maintain the accuracy
is not enough. Because the data set transformed from multi-label can not reflect the real label.

6. The performance comparison of the algorithm is shown in Fig. 3, such as PCA, LLE, Laplacian. On the most
datasets, positive domain reduction and boundary domain reduction are superior to other feature reduction
algorithms. Because unsupervised dimensionality reduction method such as PCA, LLE and Laplacian do not
consider the unique properties of label distribution. Positive domain reduction and boundary domain reduction
utilize the label distribution, so that it can predict better than others. In some datasets, positive domain reduc-
tion and boundary domain reduction do not achieve good predictions, such as datasets Nature, Emotion. Since
they are modified by multi-label datasets, the multi-label data lose the label distribution information. It may
also introduce information that is unfavorable to the prediction, so the prediction performance is worse. Posi-
tive domain reduction and boundary domain reduction are more suitable for real label distribution datasets. In
addition, another advantage of positive domain reduction and boundary domain reduction is that the prediction
results are interpretable, and they do not change the original input data.

6 Conclusion

This paper introduces the knowledge of label distribution learning and uses the knowledge of fuzzy sets and rough
set to provide the feature reduction algorithm of label distribution based on fuzzy rough set. Experiments show
that the algorithm has good ability of reducing the data of label distribution, and can improve the classification
performance of learners. In the course of the experiment, we also find that if the data has the higher degree of
correlation between features and less feature dimension, the degree of the reduction is not high. At the same time,
the label relevance can affect the accuracy of the data, that is the area for improve.
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