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Abstract. Extending Mercer’s kernels to indefinite ones brings in flexibility in kernel learning and thus be-
comes attractive. Non-convexity and unboundedness are the two main obstacles of using indefinite kernels,
which not only hinder us from obtaining the optimum, but also cause difficulties in the establishment of the-
oretical analysis. In this paper, we propose an indefinite kernel learning model with a spherical constraint.
Optimizing the devised model is conducted by solving a secular equation problem, which results in a global
optimum in a bounded set. This property also helps conduct theoretical analysis such as the generalization
bound in the reproducing kernel Krĕın space. Moreover, we establish an iterative algorithm to pursue the spar-
sity, which is missed by introducing the spherical constraint. In numerical experiments, the proposed algorithm
shows its promising performance on various datasets.
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1 Introduction

Classical kernel methods, such as support vector machine [5], kernel principal component analysis [18], and kernel
Fisher discriminant analysis [14], require the positive definiteness on the applied kernel to satisfy Mercer’s condition
[20]. Accordingly, the above approaches equipped with positive definite (PD) kernels can be theoretically analyzed
in the reproducing kernel Hilbert space (RKHS). However, it has to be noted that, in real-world applications, there
exist numerous kernels that are indefinite (real, symmetric, but not PD). First and foremost, some indefinite kernels
achieve promising empirical performance, e.g., the hyperbolic tangent kernels [19], the kernels produced by protein
sequence similarity measures in BLAST scores [17], and the TL1 kernel [8]. Second, a PD kernel might degenerate to
the indefinite one in some situations. For example, the sigmoid kernel is PD, but the positive definiteness property
does not hold for it with different hyper-parameters [9]. Besides, for a given kernel, it is of great difficulty to verify
the Mercer’s condition, algorithms and theoretical analyses for PD kernels may be invalid. While indefinite kernel
learning, as an extension of the PD one, is possessed of stronger applicability and generality, which can handle both
PD and indefinite kernels.

The indefiniteness, however, will lead to the non-convexity and unboundedness. Thus, instead of minimizing,
many indefinite kernel methods stabilize the problem in the reproducing kernel Krĕın spaces (RKKS) [13], [10].
A RKKS, denoted by K, is spanned by two Hibert spaces H+,H− such that ∀f ∈ K, f = f+ + f−, where
f+ ∈ H+ and f− ∈ H−. The inner product 〈f, f〉K = 〈f+, f+〉H+−〈f−, f−〉H− does not maintain positive, thus only
stationary points can be obtained in the stabilization problem. Other approaches mainly rise from the spectrum
modification [15], [16], [4], which transforms the indefinite kernel matrix K into a PSD one. For example, in Flip [7],
all negative eigenvalues are transformed into their absolute values. This strategy is carried out on the training kernel
matrix but not on the test one, so there comes the problem of inconsistency. In [4], some remedies are proposed to
alleviate the problem but they are computationally heavy and still can not settle the trouble thoroughly. Hence, it
is reasonable to avoid the inconsistency as much as possible.

In this paper, we propose a SIKELS model, i.e., Sparse Indefinite KErnel Learning on a Sphere. To keep
consistency and avoid unboundedness, we introduce a spherical constraint into our indefinite learning model. Similar
technique has appeared in a recent work [12]. But in [12], they decompose f with f+ and f− and penalize the norm
||f+||2 + ||f−||2, which is equivalent to Flip indeed. This transformation still results in the inconsistency between the
training and test kernel. The decompositions on the training and test set are different, which follows that controlling
the norm measured by ||f̃ ||2 = ||f+||2 + ||f−||2 can not give bound for test data. The generalization bound analysis
in [12] also crucially relies on the transformed hypothesis space. Instead, we utilize the inner product 〈f, f〉K as the
regularization term, which avoids the inconsistency and still a global optimum can be obtained. With the spherical
constraint, we perform Rachemader complexity analysis and prove the generalization bound in the RKKS. Morever,
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an iterative algorithm is present to pursue sparsity in the solution by omitting less relevant points. We demonstrate
the effectiveness of the proposed model on benchmark datasets, where it achieves superior performance to other
representative indefinite kernel methods.

2 The Proposed Model

Consider the input space X and the training data {xi, yi}ni=1 with xi ∈ X and the label yi ∈ Y = {+1,−1}. A
kernel k(·, ·) is a function X × X 7→ R and the associate space H. ∀f ∈ H, f(x) = 〈f(·), k(x, ·)〉H. The learning
problem is

min
f∈H

1

n

n∑
i=1

L(1− yif(xi)) + λΩ(f) , (1)

where L(·) is a continuous loss function (e.g., the linear loss [1] and the squared loss [21]), Ω(·) is a penality
term and λ > 0 is a parameter. Generally, the norm ||f ||22 is exploited as Ω(f). By the representer theorem in
RKHS, f =

∑n
i=1 αik(xi, ·), αi ∈ R and then Ω(f) = αTKα, where α is a vector of αi, K is the kernel matrix

with Kij = k(xi, xj),∀1 ≤ i, j ≤ n. When k is PD, K is PSD and the problem (1) is convex. However, when k
is indefinite, (1) becomes non-convex and the term αTKα can reach to −∞. This unbounded property not only
hinders us from obtaining the optimum, but also causes difficulties in the establishment of theoretical analysis. To
address this issue, we use a spherical constraint to bound the solution. Formally, our model is

min
f∈K

1

n

n∑
i=1

L(1− yif(xi)) + λΩ(f) (2)

s.t.
1

n

n∑
i=1

f(xi)−
1

n

n∑
j=1

f(xj)

2

= r2 ,

where K denotes the corresponding RKKS of the indefinite kernel k and r is the radius of the sphere. This sphere
constraint has been introduced in [12], but it decompositions f with f+, f− and sets Ω(f) = ||f+||2 + ||f−||2, which
is equivalent to the Flip technique indeed. However, this operation, not only results in the inconsistency between
the training and test as mentioned before, but also changes the hypothesis space. In our model, we choose 〈f, f〉K
as the regularization term. For problem (2), one can use different loss functions. Applying the linear loss [1], our
model is

min
f∈K

n∑
i=1

[1− yif(xi)] + λ〈f, f〉K (3)

s.t.
1

n

n∑
i=1

[f(xi)]
2

= r2 .

Without loss of generality, here we assume f(x) is centralized. Using the representer theorem in RKKS [13], (3)
becomes

min
α∈Rn

n− αTKy + λαTKα (4)

s.t. αTK2α = r2 ,

Similarly, combining the squared loss [21] to (2) leads to

min
α∈Rn

||Kα− y||22 + λαTKα (5)

s.t. αTK2α = r2 .

Intuitively, due to the indefiniteness of K and the non-affine constraint, this problem is not convex and hence has
multiple stationary points. Fortunately, by transforming the problem into a secular equation, we still have access
to the global optimal solution, which will be introduced in section 3.

Next we establish a generalization bound for the indefinite learning in our SIKELS model with the spherical
constraint. The key to this analysis is the Rademacher complexity, which measures the complexity of the hypothesis
space.

ICONIP2019 Proceedings 53

Volume 16, No. 3 Australian Journal of Intelligent Information Processing Systems



Sparse Indefinite Kernel Learning on Sphere 3

Let µ be a probability measure on Z = X ×Y and let x1, . . . , xn be i.i.d random variables according to µ. Define
the the true risk of f as R(f) = P (f(x) 6= y) = E(1f(x)6=y) and the empirical risk of f as Rn(f) = 1

n

∑n
i=1 1f(xi)6=yi .

Our goal is to bound the difference between the two risks.

Theorem 1 Suppose that f is the solution of (3). Then ∀δ ∈ (0, 1), with probability at least 1− δ, there holds

R(f)−Rn(f) ≤ r√
n

+

√
2log 2

δ

n
.

Proof. To prove our claim, we need to introduce the Rademacher complexity. Let εi for i = 1, . . . , n be Rademacher
random variables, i.e. random variables with equal probability taking values {−1,+1}. For a class G, the empirical
Rademacher complexity is defined as Rn(G) = 1

nEε sup
f∈G

∑n
i=1 εif(xi). According to the SIKELS model, we define

a set B1 = {f ∈ K|〈f, f〉K ≤ 1}. And for the spherical constraint, let B2 denote the function class which satisfies
1
n

∑n
i=1(f(xi))

2 = r2, so the hypothesis space in our SIKELS model is F = {f |f ∈ B1 ∩ B2} . Therefore Rn(F) ≤
Rn(B2). Using part 5 of Theorem 15 in [11], we have

Rn(B2) ≤ 1

n

[
Eε sup

f∈B2

|
n∑
i=1

εif(xi)|2
] 1

2

.

Let f∗ = argmax
f∈B2

|
∑n
i=1 εif(xi)|2, there is

Rn(B2) ≤ 1

n

[
Eε|

n∑
i=1

εif
∗(xi)|2

] 1
2

.

Note that f∗ ∈ B2, 1
n

∑n
i=1(f∗(xi))

2 = r2, hence,

Eε|
n∑
i=1

εif
∗(xi)|2 =Eε

 n∑
j=1

n∑
i=1

εiεjf
∗(xi)f

∗(xj)


=

n∑
i=1

(f∗(xi))
2 = nr2.

Therefore, Rn(F) ≤ Rn(B2) ≤ r/
√
n. Using Theorem 5 in [3], with probability at least 1− δ, there folds

R(f)−Rn(f) ≤ Rn(F) +

√
2log 2

δ

n
≤ r√

n
+

√
2log 2

δ

n
. (6)

In this way, we complete our proof.

Remark: The generalization bound of an indefinite learning model has been discussed in [13] and [12], but they
rely on the strong topology ||f+||2 + ||f−||2 in the transformed hypothesis space. The fundamental difference is that
we utilize 〈f, f〉K and analyse the bound directly in the RKKS. However, due to the indefinite kernel, 〈f, f〉K is
lower unbounded, which is not sufficient for the theoretical guarantee. In our analysis, the spherical constraint is
introduced and it is crucial in the establishment of the generalization bound.

3 Algorithm for SIKELS

The optimization problem in (4) is essentially non-convex because of the spherical constraint with radius r and the
indefiniteness of the kernel matrix K. With the approach in [6], we can still find the global minimum. For the linear
loss and the squared loss, the methodology in the problems share some similarity. Therefore, we mainly focus on
(4) and the results can be naturally extended to solve (5).
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3.1 Secular Equation Solution

Introducing the Lagrange multiplier µ into (4) , we get the Lagrangian of (4) as

L(α, µ) = n− αTKy + λαTKα− µ(αTK2α− r2) . (7)

The Karush-Kuhn-Tucker conditions are

2λKα− 2µK2α = Ky (8)

αTK2α = r2 .

Accordingly, the optimal solution needs to satisfy the above stationary conditions. Denoting the optimization
objective in (4) by V(α), we have

Proposition 1 When (α∗,µ∗) is a set of solution that satisfies the conditions (8) and µ∗ is the smallest, the
minimum of V(α) is achieved.

The proof basically follows [12], which assumes two sets of solution (α1, µ1), (α2, µ2) with µ1 ≥ µ2 and proves V(α)
monotonically increases with the respective µ.

Though (4) is not a convex problem, with Proposition 1, it can be transformed into (8) and then the key to the
optimization is how to minimize µ and solve the problem with the two stationary conditions. Since K is symmetric,
it has an eigenvalue decomposition K = V ΣV T , where V is composed by eigenvectors and Σ is a diagonal matrix
with the respective eigenvalues. Let u := Kα, Y := y/2 and multiply the first equation in (8) with K†, we have

λV Σ†V Tu = Y + µu. (9)

where (·)† is the pseudo-inverse. Multiplying (9) with V T on the left, and denoting û = V Tu, Ŷ = V TY , hence
λΣ†û = Ŷ + µû. Notice that λΣ† is a diagonal matrix. Let D = λΣ†, and Di is symbolized as the ith value of D,
thus

ûi =
Ŷi

Di − µ
, i = 1, . . . , n (10)

With ûT û = r2, the secular equation is defined as f(µ) :=
∑n
i=1( Ŷi

Di−µ )2 − r2 = 0. Use Dmin to stand for the

minimal non-zero Di, i = 1, . . . , n. Since the derivative f ′(µ) =
∑n
i=1(2Ŷ 2

i )/((Di − µ)3) ≥ 0 for −∞ < µ < Dmin,
there lies a solution for µ < Dmin. To find the smallest root of the secular equation, [6] has proposed an effective
iterative approach, which uses a quadratic function g(µ) = a

(b−µ)2 − r
2 to approximate the secular function In each

iteration, it requires g(µ) = f(µ) and g′(µ) = f ′(µ). This approach is described in Algorithm 1 in detail. When µ∗

is determined, we can obtain û by (10). Notice that û = V Tu and u = Kα, hence the optimal α∗ is derived by

Algorithm 1 Secular Equation Solution

Require:
the secular equation f(µ) with r, the initial value µ0

Ensure:
the secular root µ∗.

1: Compute the function value f(µi) and the first derivative f ′(µi), i is the iteration step.

2: Set g(µi) = f(µi), g
′(µi) = f ′(µi) and obtain a = 4 (f(µi)+r

2)3

f ′(µi)2
, b = µi + 2 f(µi)+r

2

f ′(µi)
.

3: Update µi+1 = b−
√
a
r

.
4: Back to 1, unless µi+1 ≥ µi.

α∗ = V Σ†û. (11)
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3.2 Pursue Sparsity

The proposed model works efficiently with a global optimum and has a theoretical guarantee of the generalization
bound. But it is necessary to consider sparsity of the solution, which is significant from the perspective of memory
saving. In this part, we propose an iterative algorithm to pursue a sparse solution. To be specific, suppose a solution
α has been obtained, then we can compute f(xi) and further derive the loss Li = 1− yif(xi). Note that if Li < 0,
the prediction of xi is correct. And for a correctly classified sample, the lower Li is, the further the sample is away
from the decision hyperplane. Thus, the points, which have relatively lower loss values, are considered to be less
relevant in construction of the classifier and can be omitted from the training samples. The detail is described in
Algorithm 2.

Algorithm 2 Imposing Sparsity

Require:
The training kernel matrix Ktrain, the testing kernel matrix Ktest, the training labels Ytrain, the testing labels Ytest, the
performance-decreased tolerance ε (e.g. 3%).

Ensure:
the sparse solution α∗.

1: Solve the model and get the optimal solution α∗. The hyperparameters are obtained by cross-validation.
2: Derive the loss Li = 1− yif(xi) and sort them.
3: Choose a small number of points (e.g. with the smallest 5% loss value), and remove the respective rows and columns in
Ktrain and Ytrain.

4: Back to step 1, unless the maximum number of iterations is achieved or the performance index decrease out of ε.

4 Experiments

In this section, we carry out experiments to evaluate the SIKELS model and compare it with other representative
indefinite learning methods on a collection of datasets from UCI [2] and a synthesis dataset “cosexp”.

In the preprocessing, all the data are normalized to [0, 1]. If the dataset does not provide users with the test
data, we pick half randomly as the test data, and the rest as the training data. We use 5-fold cross validation to
tune the hyperparameters. The spectrum modification techniques (Flip, Clip [15], Shift [16], and Square [4]) are
applied to C-SVM [5]. All the experiments are conducted with MATLAB 2015b on Windows 10 with Core i7-8700
and 16-GB RAM.

In our experiments, we use the indefinite TL1 kernel [8]: k(x1, x2) = max{ρ− ||x1 − x2||1, 0}, where ρ ∈ R and
|| · ||1 is `1 norm. Denote the training size by n and set ρ from 0 to n, λ from 0 to 100, r from 0 to 10

√
n, ε = 3%.

In Fig. 1, we demonstrate the decision boundaries and report the performance of five methods for the “cosexp”

Fig. 1. Classification boundaries for ”cosexp” dataset are displayed by solid curves. The division accuracy results are showed
in the parenthesis.

dataset. It is a 2-D synthesis dataset based on function y = 0.4cos(exp(3.5x))+0.5 with some noise. In this dataset,
the required nonlinearities are different for different places, hence it is better to utilize the indefinite kernel. As can
be seen, our proposed method outperforms than the other in obtaining the classification curve and thus has a better
accuracy.

Table 1 shows the performance of different indefinite kernel learning methods on nine datasets form UCI machine
learning repository. We test these algorithms for 10 times, and report the average classification accuracy with the
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Table 1. Comparison of different methods (TL1 kernel) on UCI datasets. The number of support vectors (SV) are showed
in parentheses.

Datasets flip clip shift square KSVM SIKELS

climate 93.7±0.8 (50) 93.9±1.1 (73) 94.0±0.9 (76) 91.6±1.4 (38) 93.9±1.2 (66) 93.8±0.9 (81)
diabetic 71.7±1.7 (353) 71.5±1.6 (383) 71.7±1.7 (505) 58.9±3.4 (375) 72.1±1.0 (408) 72.8±0.8 (307)
fertility 88.0±3.1 (48) 88.8±2.5 (48) 87.4±3.7 (30) 88.8±3.8 (48) 89.4±5.5 (49) 90.8±5.3 (40)
haberman 74.8±1.8 (102) 75.3±1.6 (89) 75.8±3.0 (140) 75.0±2.5 (87) 75.4±2.7 (89) 77.0±2.0 (91)
heart 85.0±2.1 (124) 85.2±2.3 (59) 86.1±3.0 (120) 68.3±3.0 (114) 87.1±2.6 (66) 85.7±1.9 (95)
sonar 86.1±3.3 (77) 87.3±3.1 (72) 85.5±2.3 (70) 62.1±9.3 (50) 84.4±3.7 (84) 88.2±2.6 (62)
splice 90.2±1.5 (259) 90.2±1.1 (260) 90.7±1.4 (293) 57.2±1.9 (495) 90.6±0.9 (186) 90.3±1.0 (300)
madelon 61.2±0.0 (1652) 61.2±0.0 (1652) 61.2±0.0 (1412) 50.0±0.0 (1268) 61.2±0.0 (1652) 61.8±0.0 (2000)
EEG 74.7±0.5 (5101) 74.8±0.4 (5144) 75.0±0.5 (5144) 55.1±0.6 (6802) 74.9±0.6 (5219) 74.2±0.6 (7490)

Table 2. The sparsity and the corresponding performance (TL1). The first row contains the level of density (in percentage).

Datasets size 100 90 80 70 60

climate (270,20) 92.4 92.9 93.2 93.7 93.8
diabetic (576,19) 72.2 72.8 72.7 72.7 72.4
fertility (50,9) 90.0 90.2 90.6 90.6 90.8
haberman (153,3) 76.0 76.3 76.4 76.4 77.0
heart (135,13) 85.3 85.6 85.6 85.7 85.3
sonar (104,60) 84.9 86.9 87.5 87.3 88.2

standard deviation. In addition, we list the number of support vectors in parentheses. In the whole, our approach
not only has a promising performance on most datasets, but also obtains considerable sparsity. Compared with
these spectrum modification methods and KSVM [10], the proposed SIKELS model ranks first on five datasets
including diabetic, fertility, haberman, sonar, madelon. Especially on haberman and sonar, the proposed approach
outperforms 2%− 4% than other approaches such as Flip and KSVM. In addition, we find that the square method
performs not as well as others, hence we will no longer list it in other experimental results.

Besides of accuracy, we also report the performance with different levels of sparsity (100% density means all
data points are used). Table 2 illustrates that imposing sparsity may lead to to a better performance for climate,
fertility, haberman, sonar and so on. These results suggest our algorithm can effecitively pick up the “crucial” data
points, which are relatively important in construction of a classifier.

Table 3. The training time (seconds) for one iteration

Datasets size flip clip shift KSVM SIKELS

splice (500,60) 0.12 0.12 0.11 0.14 0.07
madelon (2000,500) 6.18 6.12 6.07 6.30 5.60
EEG (7490,14) 42.91 39.68 38.68 43.17 33.42

In Table 3, we make empirical comparison in terms of the time cost on datasets with different sizes. The results
demonstrate that the spectrum modification methods and KSVM have extremely similar time efficiency as expected.
Though these methods all need an eigenvalue decomposition O(n3), our approach does not have a SVM problem
solving procedure which costs at least O(n2) and hence has a less training time. In addition, if one pursues more
sparsity and runs the algorithm for more times, the time costs will be multiplied.

5 Conclusion

In this paper, a sphere constraint is introduced into indefinite kernel learning models. On the one hand, the sphere
constraint makes the non-convex problem can be transformed into a secular equation problem and then solved with
a global optimum. On the other hand, with the sphere constraint, it is now possible to analyze theoretically and
present a generalization bound in RKKS. Moreover, an iterative algorithm is present to impose sparsity. In the
numerical experiments, the proposed model achieves a promising performance on various datasets, which demon-
strates its effectiveness compared to other indefinite kernel learning methods.
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