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Abstract. Hierarchical structures are known since decades for their outstanding properties that
make them ideal for representing data and has been suggested as a particularly important method
for organizing concepts. This paper fills a big gap between Multilayer Nonnegative Matrix Factorization and hierarchical structures. We prove that this prototype based model is a deep architecture. We prove mathematically and by experiments that each layer depends on the preceding
layers, even being trivial it doesn’t exist any stated proof of this. We conclude that different
layers in Multilayer Nonnegative Matrix Factorization are not only dependant but also the order
of construction is prominent. In other words, Multilayer NMF is indeed a hierarchical dimensionality reduction and clustering method. It involves learning multiple levels of representation,
corresponding to different levels of abstractions.
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1

Introduction

Nonnegative Matrix Factorization (abbreviated in NMF) is a linear algebra basic modeling approach of dimensionality reduction adapted to matrices with high dimension [15]. By decomposing a data set into two matrices,
a prototypes and a partition (Latent components) matrices, it allows retrieving sparse and easily interpretable
features, which have made of it an efficient widely used tool in several issues, particularly in high dimensional data
analysis. It also serves in clustering tasks, for topics recovery and in temporal segmentation. NMF was introduced
first by Lee and Seung in [15] where they present an algorithm that learns parts of faces and semantic features of
text. From then on NMF has found several potential scientific and engineering applications including:
–
–
–
–
–

Image processing ( [23] and [24]): representation of faces images, classification of images.
Text processing ( [30], [2] and [14]): classification of documents, extraction of semantic characters in texts.
Source separation ( [29] and [20]): separating voices in speech mixtures and singing voices in polyphonic mixtures.
Economy ( [8]): diversification of actions.
Biology ( [4] and [11]): clustering of genes implicated in cancer.

There exists several variants of NMF (see [3, 13, 19, 25] and the references therein). For example, symmetric NMF,
semi-orthogonal NMF and three factor NMF were developed by imposing additional constraints to the resulting
matrices in order to solve some gaps from which basic NMF suffers (e.g. imposing sparsity leads to have unique
factors).
A remarkable variant of NMF that improves NMF performances is the Multilayer NMF, introduced by Cichoki
and Zdunek in [7]. The main idea in Multilayer NMF is that, after obtaining the prototypes and the partition
matrices from an initial data matrix, it decomposes again the partition matrix via standard NMF to obtain an
additional prototypes matrix and a new partition matrix. This process can be repeated as many times as the
defined number of wanted layers. The output is a list of ordered prototypes matrices and one partition matrix. This
family of NMF is now used in many data mining applications and thus remains a topic of ongoing interest. Despite
the qualities of this approach, however, it is not clear if the obtained structure includes a proper hierarchy, in the
sense that the different layers of prototypes matrices are not interchangeable.
Our objective in this work is to show the hierarchy between different layers in Multilayer NMF by using a
mathematical approach. If we look in the literature, we find that most of the works done in that direction doesn’t
?
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formalize enough the existing link, they just make some experiments to either learn the link or to assimilate the
multilayer NMF process to an existing hierarchical structure and then conclude that it is self-hierarchical. However,
such approach does not really ensure the hierarchy, as it lacks a mathematical formalization of the dependence
between layers. In this paper, the dependance is explicitly established, showing that Multilayer NMF is properly a
deep process.
Our approach consists of expressing each prototypes matrix Fi+1 corresponding to the layer i + 1 in terms of the
prototypes matrix Fi computed in the preceding step. Explicitly we infer a nonlinear function f that ensures the
link between different prototypes matrices, i.e Fi+1 = f (Fi ). The dependence being established, we then quantify
this dependence between different layers and show that they present a hierarchical structure. We show this by
proving that the order between characteristics is more important in the first layers than in the last layers. We split
our resulting characteristics into three sets and compare the reconstruction error in the three sub-factorizations.
We prove that an explicit order exists in the construction process of the feature matrices.
The remaining of the paper is organized as follows. In section 2 we present some related works that treat the
deepness of multilayer NMF in their point of view. Section 3 is dedicated to the formal definition of NMF and its
derivatives. In section 4 we present our mathematical results concerning the existence of a mathematical function
linking the layers. We drop up our experimental analysis in section 5. Finally, in section 6, we conclude and give
some perspectives.

2

Related works

In [27] and its extended version [26], Hyun Ah Song and Soo Young proposed a hierarchical feature extraction
method to extract features on several stages by applying Multilayer NMF to a document data set. This yields to
a concept learning hierarchy after combining relationship of features. They also extended non-smooth NMF into
several layers for hierarchical learning. Experimentally this process showed a high performed reconstruction and
classification.
In [28], the authors proposed a deep semi NMF which is a deep framework factorization that optimizes semi
NMF factors with the aim of improvement of clustering performance. This approach is based on the learning of a
hierarchical structure of features. The learning process is spread on different layers according to different attributes
of data whose are automatically learned. The introduction of nonlinear functions between layers allowed extraction
of features for each of the latent features.
In [10], the authors viewed Multilayer NMF as a deep architecture containing all elements of a deep neural
network (pooling layer, activation function, backpropagation). According to the authors, this structure is able
to produce a hierarchical classification of most type of data (audio, text, images). Following their approach, the
hierarchy is ensured via the equivalence established between a standard deep neural network and what they named
”Deep NMF”.
Another approach, established by Le Roux, Hershey and Weninger in [17], investigates a model-based neural
network architecture-like to unfolding NMF iterations and untie its basis parameters, they used back propagation
for update rules and conclude that they infer a ”Deep NMF model” just by stacking this iterations of unfolding
NMF and consider them as a sequence of layers in a deep neural network-like architecture.
In our point of view, the preceding works are not convincing enough to proof the actual ”deepness” and hierarchy
of the layered structure. It is unreasonable to justify the existence of a hierarchy by the existence of stacked layers.
Rather, a deep hierarchical structure must be justified by the quality of the relationship linking those layers. To be
more explicit, the term ’deep’ was first associated to clustering and classification processes, Deep Neural Networks
(DNN) being the most popular approach. If we dive in the way hidden layers are constructed, for example for the
first hidden layer, we find out that each neuron is connected to a local receptive field built from the input data by
learning its weights and then the receptive fields are moved up iteratively until they cover all the input data. This
is what ensures the existence of deepness and hierarchy, since the inferior layers represents simple aspects of the
original data (for example, borders in the case of images) while superior layers represent more complex aspects of
data (e.g. patterns).
Our first motivation behind this work is to really prove hierarchy and deep structure of Multilayer NMF.
The innovative strategy we follow is to start by establishing a function that ensures the formal link between
different prototypes’ matrices. We accomplish this using Moore Penrose inverse since we don’t impose any regularity constraint on our matrices. After that, we construct an indexed ordered sequence of resulting prototypes’ matrices, A = {F1 , F2 , ..., FL } and extract from it three recovering subsequences: A1 = {F1 , F2 , ..., FL/3 },
A2 = {F L +1 , ..., F2L/3 } and A3 = {F 2L +1 , ..., FL }. Say that A is a hierarchical structure turns to prove that the
3
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elements of A1 play a greater role in representing the original data, because they come first in the process of factorization. This is done by comparing the error between different subsequences Ai , i ∈ ‘{1, 2, 3} and data matrix
X.

3

Multilayer Nonnegative Matrix Factorization

Besides the useful visualizations provided by the approach, NMF is mostly used to reduce the dimensionality of
the data. The main principle is to factorize the data matrix X ∈ Rd×N into two matrices: X = F G + E, where
F ∈ Rd×k
is the matrix of prototypes, G ∈ Rk×N
is the partition matrix (Cluster indicators) and E is the error of
+
+
approximation. The order of decomposition k is chosen in such way that (N + d)k << N d, which makes NMF a
robust technique of dimensionality reduction.
Basically, NMF seeks to estimate F and G knowing only X. This is generally achieved by minimizing a cost
function D(X||F G) and setting all negative elements of F and G to 0 or some small  > 0. Explicitly, the problem
can be formulated in the following way:
min
D(X||F G)
(1)
F ∈Rd×k
,G∈Rk×N
+
+

Note that the estimation of the unknown matrices allows an unsupervised classification. The choice of the cost
function depends on the probability distribution of the estimated components and on the data structure. The most
used cost functions in the literature are the Frobenius norm:
DF (X||F G) =

1
kX − F Gk2F
2

and Kullback-Leiber norm, also referred as I-divergence:
DKL (X||F G) = Xlog(

X
) − X + FG
FG

For more details about update rules associated to each of the above cost functions see [6].
The lack of convexity of the optimization problem (1) with respect to both F and G is an ill-conditioned problem
that enhance the risk of converging to local minima of D(X||F G). To alleviate this problem, Cichoki and Zdunek
developed in [7] a multilayer approach where, the basic matrix F is replaced by a set of cascaded (factor) matrices.
After obtaining prototypes and partition matrices F1 and G1 from initial data matrix X, they decompose again the
resulting partition matrix F1 via standard NMF to new prototypes and partition matrices F2 and G2 . Multilayer
NMF consists of repeating this process as many times as the defined number of wanted layers. Thus the model can
be described as:
X = F1 F2 ...FL GL + E
where E is the error of approximation.
From now on and to simplify the writing we will neglect the error of approximation E in the equations below. In
the first step, we perform the standard NMF decomposition:
X∼
= F1 G1 ∈ Rd×N
In the second step, the results obtained from the first step are used as a new input data to NMF algorithm:
X ← G1
we perform a similar factorization :

G1 ∼
= F2 G2 ∈ Rk×N

After L steps (L is defined by the user), the multilayer NMF decomposition has the form:
X∼
= F1 F2 ...FL GL
With F = F1 F2 ...FL and G = GL .
In the next section, we present our mathematical result that explicit the relation between learned factors, we
find the function f that links different Fi , says Fi+1 = f (Fi ).
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Existence of hierarchy between layers

The basis notions of NMF and its related derivatives being given, we infer the mathematical function that expresses
each layer matrix in terms of the preceding layer matrix, this ensures that the matrices are indeed related mathematically. In order to find the dependence function f let us write for instance the two first lines of Multilayer
NMF:
(2)
X∼
= F1 G1

G1 ∼
= F2 G2

(3)

By injecting the second equation into the first one we obtain
X∼
= F1 (F2 G2 )
Thus, to find the function f we should extract F2 in terms of F1 . Since we don’t have any information about the
classical invertibility of the matrices (not necessarily square and even then non-singular) we will use the generalized
inverse (or pseudoinverse) especially the Moore-Penrose inverse to get F2 = f (F1 ).
Let us give a brief definition of what Moor-Penrose inverse is.

4.1

Moore-Penrose inverse

The advantage of the generalized inverse is that it covers a wide spectrum of matrices, even singular or rectangular
and it fits with the classical inverse if the matrix is non-singular. An important illustration of the generalized inverse
that we exploit in our work is that it allows the solvability of linear systems of the form Ax = b for any matrix A
and any vectors x, b.
Definition. In 1955 Penrose showed that for any arbitrary matrix A there is a unique matrix X (called generalized
inverse of A and often noted A† ) satisfying the four equations
AXA = A
XAX = X
(AX)∗ = AX
(XA)∗ = XA
Because this unique generalized inverse was defined separately by Penrose (in a different manner) this generalized inverse is called Moore-Penrose inverse. An important task when manipulating generalized inverses is to find
explicitly the expression of A† . A particular case where we can find an explicit formulation of A† is when A of rank
r has a full rank factorization A = F G, we then have:
1. A† = G∗ (F ∗ AG∗ )−1 F ∗
2. F † = (F T F )−1 F T
From this last property, if A ∈ Rm×n of full row rank m, A = Im A is a full rank factorization of A. Then
A† = AT (AAT )−1

In our case and with the purpose to be more general and englobe all types of matrices we suppose that the matrix
in question does not satisfy any type of regularity from the ones mentioned above.
Now let’s exploit this to find the features matrices dependance function.
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Features matrices dependence function

Coming back to equation (2) and put X = B, F1 = D and G1 = C, equation (2) is then equivalent to B = DC and
resolving the problem of finding f such that F2 = f (F1 ) comes to find a way to take D to the left side.
We start by considering the system Ax = b, we express x in terms of A and b and then we will be able to find
a general formula that express C in terms of B and D by applying the formula obtained from the linear system to
columns of B. Note that a solution of (2) should be understood in the last squares sense. Following [1], we have:
x = A† b + (I − A† A)y

(4)

y an arbitrary vector, where the particular solution A† b is the least squares solution LSS that has Minimal Euclidean
Norm (abbreviated MNLSS).
Our equation is about the system:
B = DC
(5)
where X, B are matrices with same number of columns. For each column of B we apply (4) and conclude that the
general solution of (5) is:
C = D† B + (I − D† D)Y
(6)
or
D = BC † + (I − CC † )Y
†

(7)
†

Y an arbitrary matrix. Here again the particular solutions D B and BC are MNLSS for the appropriate matrix
norm.
The equations of a multilayer NMF obtained at steps i − 1 and i respectively are:
Gi−1 ∼
= Fi Gi

(8)

Gi ∼
= Fi+1 Gi+1

(9)

We start by injecting equation (9) in equation (8):
Gi−1 ∼
= Fi Fi+1 Gi+1
we then apply (7) to obtain:
†
†
Fi Fi+1 ∼
= Gi−1 Gi+1 + (I − Gi+1 Gi+1 )Y1

Y1 an arbitrary matrix.
By reapplying (6) and injecting equation (9) on this last equation we finally obtain:


†
†
†
†
Fi+1 ∼
= Fi Fi Gi Gi+1 + (I − Gi+1 Gi+1 )Y1 + (I − Fi Fi )Y2
Y2 an arbitrary matrix.
This is to conclude that in fact each learned factor can be expressed in terms of the preceding one, that it
depends strongly on the preceding learned factor through all layers of Multilayer NMF, in the next section we check
experimentally that the order of Fi matters in the reconstruction layers of our input data.
In the next section we analyze experimentally the proved deepness between multilayer NMF layers, we do this by
perturbing the order of features matrices and see if this affects the reconstruction.

5

Experimental Validation of the Hierarchical Dependence

Hierarchical ordered data structures and hierarchical feature learning show which extracted features develop at each
step of a stacked process at each step, Multilayer Nonnegative Matrix Factorization (NMF) in our case, and how
the aggregation of lower features leads to the construction of higher layer features.
To measure and gauge an eventual existing hierarchy between different layers of Multilayer NMF, and following
our intuition that says the more representative and paramount layers (in the sense of similarity with entry data
matrix’ characteristics) are the first resulting matrices, i.e. that an order applies along and across the whole layers,
we partitioned our resulting L layers on 3 sets, permutate alternatively matrices of each set and measure the error
between the product of the permutated matrices and the initial data matrix, we found that the error in the first set
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is more important than in the second set which is superior than the error in the last set, that is the first resulting
matrices are closer to the data.
The first set consists of the first third of the Fi s, say A1 = {F1 , F2 , ..., FL/3 } the second set is constituted from the
second third A2 = {F L +1 , ..., F2L/3 } and the third of the last third of the resulting matrices A3 = {F 2L +1 , ..., FL }.
3
3
To show that Multilayer NMF leads to a hierarchical structure not because of the existence of multiple layers,
but due to an order established implicitly between them, a hefty task was to find a way to explicit this hierarchy
and prove effectively that this order follows a dynamic through the L layers. To this end, we acted on the order
of the layers of each of the previously defined set. Our intuition is the following: unlike Deep Neural Networks,
Multilayer NMF generates features in a decreasing order in the terms of representability of the original data. So, to
visualize this, we disrupt the order of Gi s by permutating them. This implies an increasing shift in the difference
between the original data matrix and the product of the permutated partitioned features matrices (this difference is
called reconstruction error), when the percentage of permuted layers increases. The expression of this error is given
for each of the three sets, respectively by: kX − permuti (F1 , F2 , ..., FL/3 )k2 , kX − permuti (F L +1 , .., F2L/3 )k2 , and
3
kX − permuti (F 2L +1 , .., FL )k2 , with i ∈ {5%, 10%, 15%, 20%}.
3
This experimental protocol has been applied on 100 set of 1000 artificial data generated from three Gaussian
distribution in ten dimensions. For each dataset, we trained a 100-layer NMF, before applying the permutation
protocol. Figure 1 shows the difference between X and a random permutation of respectively 5%, 10%, 15% and
20% of the L/3 first layers in A1 , A2 and A3 , respectively. From the figure, we can see that perturbations in the first
third of prototype matrices give rise to an error of 10, this drastically decreases to 0.20 when we act on permutating
in the second third, and ends by being an error of 0.08 when we perturb the order of the last third of our prototype’
matrices.

Fig. 1: Reconstruction error after the permutations in the first, second and last third of prototypes’ matrices.

To visualize the relative importance of layers order in the hierarchy, we tested the impact of perturbations on
a set of images (Figure 2). Each image is described as a matrix representing the gray levels. The matrix were
decomposed with a Multilayer NMF with 50 layers, then reconstructed via the product of the features matrices. A
random permutation of a pair of features matrix in the decomposition leads to an increase of the reconstruction
error, as seen in the figure. In accordance to the results presented above, perturbations in the first layers of the
decomposition have a higher effect than perturbations in the intermediate layers and a much higher effect than
perturbations in the last layers.
The main conclusions we can infer from the obtained results are the following:
– The more we perturb the matrices’ order the more the error increases.
– As the number of permuted layers increases, the effect of the perturbations is more and more important.
– The perturbations on the first third of matrices have an extra effect compared to perturbations on the two other
thirds.
To summarize, the first ordered feature matrices resulting from the Multilayer NMF are the closest to the
data characteristics. Since under perturbations of the order of the stacked matrices, those characteristics become
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less related to our original data, we can see in the first L/3 layers that the error is huge compared to the others
partitions. This is explained by the existence of an implicit hierarchy imbedded in the Multilayer NMF, allowing a
deep learning framework for this type of approaches.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j)

(k)

(l)

(m)

(n)

(o)

Fig. 2: Visualization of the reconstruction error without and with perturbation of the layers order. The first column
((a), (f) and (k)) shows the original images, the second ((b), (g) , (l)) is the image reconstructed from a Multi-layer
NMF. The last three columns present the reconstructed image obtained after perturbations on the first third of the
layers ((c), (h), (m)), the second third ((d), (i), (n)) and the last ((e), (j), (o)).

6

Conclusion and perspectives

In this paper, we study the dependence between features matrices obtained via Multilayer Nonnegative Matrix
Factorization. We proofed the dependence function linking those matrices. We also investigated the existence of a
hierarchical structure by permutating the order of the layers independently on features matrices at three different
level in the layers. We showed that permutations of feature matrices in the first third of the layers induce a more
important error than permutations of feature matrices of the last third of the layers. This means that there exists
a real hierarchy between the layers and that it is justified to use deep learning processes on Multilayer Nonnegative
Matrix Factorizations.
An important theoretical study of Multilayer NMF that we envisage to accomplish in the future is to determine
the optimal number of layers, that is at which level of decomposition from the basis matrices should we stop the
process? It is also worth noting that this study could be generalized to tensor factorization.
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