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Abstract. The echo state network (ESN) is a representative model of reservoir computing. This model
transforms sequential inputs into a high-dimensional feature space using a recurrent neural network called
a reservoir and then performs a linear calculation to produce outputs from the high-dimensional signal in
a readout. The major characteristic of ESNs is that they are trained with a linear regression algorithm
and thereby capable of high-speed learning. A standard ESN uses a fixed dynamical reservoir, but this is
problematic when addressing data that are generated by multiple dynamical systems switched with time.
In such a case, it would be reasonable to consider a time-varying reservoir. Here we propose a method to
adaptively change the nonlinearity of reservoir units depending on a statistical property of teacher data. We
evaluate the eﬃcacy of the proposed model in a prediction task with synthetic time series data generated
by temporally switching between linear and nonlinear systems. The results show that the proposed method
can reduce the prediction error, suggesting eﬀectiveness of task-dependent reservoir designs.
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1

Introduction

Reservoir computing is a computational framework capable of temporal/sequential pattern recognition [1–3].
One of the seminal models of reservoir computing is the echo state network (ESN) proposed by Jaeger in 2001
[4, 5]. A standard ESN model consists of a reservoir part of a fixed recurrent neural network and a readout part
which linearly combines the reservoir states to produce an output. The reservoir transforms temporal inputs
into a high-dimensional feature space such that the transformed data are linearly separable in the readout. Since
the readout is trained with a linear regression algorithm, the training cost of ESNs is much less than that of
other machine learning algorithms containing many model parameters to be adjusted iteratively. In exchange
for the advantage in training cost, it is necessary to design a good reservoir in ESNs for achieving excellent
computational performance. Although a guideline for designing good reservoirs in ESNs is found in Ref. [6], a
good reservoir depends on the type of computational task and the property of time series data.
A reservoir should operate as a nonlinear transformation of inputs such that linearly inseparable problems
are successfully solved in a readout. The nonlinearity of a reservoir is attributed to the nonlinear activation
function of each reservoir unit. On the other hand, the dynamical behavior of a reservoir needs to embed a
memory of past inputs for temporal pattern recognition. The length of short-term memory of a reservoir can
be estimated by the memory capacity task [7]. The memory capacity is at most the number of units in the
reservoir. It is known that the maximum memory capacity is achieved with a reservoir given by a delay line of
linear units [8]. Hence, the nonlinearity of reservoir units is not favorable in terms of memory capacity. In this
way, there is a fundamental tradeoﬀ between nonlinearity and linear memory, both of which are required for
temporal pattern recognition [9]. A simple way to make them compatible is to construct a mixture reservoir of
linear and nonlinear units [10].
The performance of ESNs has been widely assessed in a prediction task with benchmark time series data.
Benchmark time series data are normally generated from a single dynamical system such as a nonlinear autoregressive moving average (NARMA) model [11]. For predicting time series data generated by a NARMA-10
model, the predictive model should have a memory capacity larger than 10 steps and have at least quadratic
nonlinearity. Such requirements for a reservoir depend on the property of time series data to be predicted.
Therefore, it is questionable to build a predictive model under the assumption that the data is generated by
a single dynamical system. There is often a case that dynamical systems behind real time series data seem to
be switched with time as found in electrical signals produced by switched circuits [12], engineering data under
switched controls [13], neuronal activity data resulting from a thresholding property of a neuron [14], biomarker
data under intermittent medication [15, 16], epidemic outcomes under seasonal forcing [17], and those produced
by other hybrid dynamical systems [18, 19]. The aim of this study is to propose a method to deal with such a
case using a reservoir with time-varying characteristics.
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In this study, we consider synthetic time series data which are generated by randomly switching an autoregressive moving average (ARMA) model and a NARMA model. The ARMA model is a linear process and can
be well approximated with a linear model, whereas the NARMA model is a nonlinear process and can only be
well approximated with a nonlinear model. Therefore, the synthetic time series is hard to approximate using
a predictor represented as a single dynamical system. To deal with such a situation, we propose a method to
switch the reservoir unit depending on a statistical property of the past time series data. We demonstrate that
the proposed method can reduce the prediction error compared with a standard ESN model. Time-varying reservoirs could be realized with some physical reservoirs using evolving materials that change properties depending
on input signals [11]. In Section 2, the proposed method is described. In Section 3, numerical results are shown
to confirm the eﬃciency of the proposed method. In Section 4, this study is briefly summarized.

2

Methods

A standard ESN model is described as follows [4, 6]:
(
)
x(t + 1) = f W in u(t + 1) + W x(t) ,
y(t + 1) = W out [u(t + 1), x(t + 1)], t = 0, 1, 2, . . .

(1)
(2)

where t is a discrete time, u(t) is the input vector, x(t) is the state vector of the reservoir, and y(t) is the
output vector. We denote the dimensions of the input vector, the state vector, and the output vector by Nu ,
Nx , and Ny , respectively. The matrix W in ∈ RNx ×Nu is the input weight matrix, W ∈ RNx ×Nx is the weight
matrix of the recurrent neural network in the reservoir, and W out ∈ RNy ×(Nu +Nx ) is the output weight matrix.
The function f represents an element-wise activation function. This activation function is typically given by a
sigmoid function, e.g. a hyperbolic tangent function f (x) = tanh(x). The nonlinearity of the sigmoid function is
responsible for the nonlinear transformation by the reservoir. In most cases, the nonlinearity of the activation
function is fixed irrespective of input signals.
When a statistical property of time series data appears to be varied with time, the characteristics of the
reservoir units can also be adaptively changed with time to enhance the approximation ability. We denote the
parameter controlling the nonlinearity of an activation function f by a and assume that this parameter is a
function of time as follows:
(
)
x(t + 1) = fa(t) W in u(t + 1) + W x(t) ,
(3)
( target
)
target
a(t) = g y
(t − 1), . . . , y
(t − τ ) , t = 0, 1, 2, . . . ,
(4)
where the time-varying nonlinearity parameter a(t) changes depending on the past target outputs ytarget (t −
1), . . . , ytarget (t − τ ). The parameter τ is the length of near past data for which a statistic (denoted by g(·)) is
evaluated.
In this study, we specifically assume that
fa(t) (x) = tanh(a(t)x)
g(x1 , . . . , xτ ) =

1
1 + exp(−ϵV ar(x1 , . . . , xτ ))

(5)
(6)

where V ar represents the variance of x1 , . . . , xτ normalized to [0,1]. The idea behind this assumption is that
the system should be nonlinear when the variation of the teacher data is large and it should be linear when the
variation of the teacher data is small. The reservoir states computed from Eqs. (3)-(4) are used to provide the
output in Eq. (2).
In the readout part, the optimal W out is obtained using a linear regression as follows:
Ŵ out = argminW out

T
1∑
||y(t) − ytarget (t)||2
T t=1

(7)

The network output generated by the trained model is represented as follows:
ŷ(t) = Ŵ out [u(t), x(t)].

3
3.1

(8)

Results
Time series data

The NARMA 10th-order system (NARMA-10) has been widely used for assessing the generalization ability of
ESNs [20, 8]. The system is described as follows:
y(t + 1) = 0.3y(t) + 0.05y(t)

9
∑

y(t − i) + 1.5u(t − 9)u(t) + 0.1,

i=0
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Fig. 1. An example of time series generated by the NARMA-10 model. (a) The input u(t). (b) The target output.

Table 1. Parameter values of the reservoir in the ESN models.
Parameter
N
d
ρ(W )

Values
100
0.15
1.0

Meaning
Number of reservoir units
Sparsity of reservoir network
Spectral radius of W

where u(t) is the input sequence which is randomly sampled from the uniform distribution in the range [0, 0.5].
The righthand side contains a term depending on the past 10 steps and a nonlinear quadratic term of the
input. Therefore, 10-step memory and nonlinearity are required for a machine learning model to successfully
approximate this system. An example of time series generated by Eq. (9) is shown in Fig. 1.
In this study, our target is a machine learning prediction for time series data that are generated by switched
dynamical systems. To change the order of the NARMA model with time, we consider a NARMA mth-order
system (NARMA-m) following Eq. (9), which is described as follows:
y(t + 1) = 0.3y(t) + 0.05y(t)

m−1
∑

y(t − i) + 1.5u(t − 9)u(t) + 0.1,

(10)

i=0

On the other hand, we consider an example model of ARMA with order 1 given by
y(t + 1) = 0.3y(t) + u(t) + 0.1,

(11)

which is a linear process and qualitatively diﬀerent from the general NARMA-m model.
We generate synthetic time series data by switching between the NARMA-m model in Eq. (10) and the
ARMA model in Eq. (11). The input u(t) common to the two models is shown in Fig. 2(a). An example of the
synthetic data is shown in Fig. 2(b). The total time length is divided into multiple time intervals with random
lengths as shown in Fig. 2(c) where the intervals for the two models are alternately assigned. The order m is
a randomly chosen value from [1,10] for the NARMA-m model and m = 1 for the ARMA model as shown in
Fig. 2(d). We can see from a comparison between Fig. 1(b) and Fig. 2(b) that the time series produced by the
mixture model seems to contain alternate patterns due to the model switching unlike that produced by the
NARMA-10 model.
3.2

Prediction performance

We performed time series prediction for the synthetic time series data shown in Fig. 2(b) using the proposed
method. The input data was normalized to [0,1] and the teacher output data was normalized to [-0.5, 0.5].
The parameter values of the reservoir in the ESN model were set as listed in Table 1. We generated synthetic
data with time length 1500 and removed initial 100 steps to avoid the influence of transient states. Among the
remaining 1400 steps, 1000 steps were used for training and subsequent 400 steps were used for testing. The
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Fig. 2. An example of time series generated by the mixed model of NARMA-m and ARMA models. (a) The input u(t).
(b) The target output ytarget (t). (c) The intervals for the ARMA model indicated by “0” and those for the NAMRA-m
models indicated by “1”. (d) The order m in the intervals.

testing error is evaluated with the following normalized root mean squared error (NRMSE):
√
N RM SE =

⟨||ŷ(t) − ytarget (t)||2 ⟩
,
⟨ytarget (t)2 ⟩

(12)

where ⟨·⟩ indicates the time average on the time period for testing.
Figure 3 illustrates the results of the prediction task for the synthetic time series data. Figure 3(a) shows the
performance of the standard ESN model. The network output does not well capture the alternate patterns in
the synthetic time series. This implies that the standard ESN model represented as a single dynamical system
fixed with time is not suited for prediction of switched dynamical systems. Figure 3(b) shows the performance
of the proposed method. The behavior of the network output seems to better fit the synthetic data compared
with Fig. 3(a).
Figure 4 shows the NRMSE between the network output and the target output for diﬀerent τ values of the
proposed method. For each value of τ , 50 trials were performed using diﬀerent seeds for the random number
which directly aﬀects the initial reservoir condition, the network connectivity, and the input data u(t). The blue
circles indicate the average values of NRMSE and the error bars indicate the standard deviations. The dashed
line indicates the NRMSE for the standard ESN model with a single reservoir fixed with time. The result shows
that the proposed model yields better performance than the standard ESN model when τ is set at a small value
below around 10. This suggests that a reservoir with time-varying nonlinearity is eﬀective for prediction of a
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Fig. 3. The target output (blue) and the network output (orange) after model training. (a) A standard ESN model. (b)
The proposed method with τ = 3.
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Fig. 4. The prediction performance of the proposed model with adaptive nonlinearity, which is evaluated by the NRMSE
in Eq. (12). The blue circle indicates the average over 50 diﬀerent trials with diﬀerent seeds for random number generation.
The error bar indicates the standard deviation for the trials. The black dashed line indicates the prediction error for the
normal ESN model with sigmoid units.

time series data where a short-term statistical property seems to vary with time. It is significant to find out a
good statistic to well represent qualitative changes in given time series data.

4

Summary

We have proposed an ESN-based method to deal with a time series data having time-varying trends. In our
method, the nonlinearity parameter of the reservoir unit is changed adaptively depending on the variance of the
near past sequence in the teacher data. We have shown that the proposed method outperforms the standard ESN
model with fixed nonlinearity in prediction of the synthetic data generated by switching between the ARMA
and NARMA-m models. The result suggests that adaptive reservoirs can be useful for some real data that
are produced by switched dynamical systems. We have not compared the proposed model with other models
trained with gradient methods, because the training time for them is much larger than the ESN model. A future
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work is to apply the proposed method to other real time series data as found in phenomena related to switched
dynamical systems. Adaptive reservoirs could be realized using physical substrates with plasticity in physical
reservoir computing.
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